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Tub Mathbmatioatj Theory of the Extbnsional 
Vibration of a Bar exoitbd by tub Tmpagt 
OF an Elastic Load 

BY 

M. Gnosn 

{Proaidency Gollego, Oalcuita.) 

Introduction. 

Tho dynamical theory of impact of a rigid load sfciiking longitudi- 
nally at tho free end of a bar, the other end being fixed, has long 
been worked out by Bouesinosq # and others, with tho holp of St, 
Vonanfc’s method of ‘ variation of integration constant ’ In a previous 
paper I wo have made suggestions how this ihoory can bo oxtondod 
to tho case of an elastic load which ordinarily obeys ITooko’s law of 
compression, throughout tho period of its opntaot, with tho freo end 
of tho bar, In ordor to explain Tsohudi’s t observation about tho 
dependence of duration of contact on velocity of im|mofc and also the 
fluctuating nature of the pressure during contact, wo have assumodiS 
tho load to bo plastic and have divided tho total duration of impact 
into throe suooossivo sub periods, as Andrews |1 has done in his treat- 
ment of the problem of collision between two similar balls. Puring 
the first and tho last sub periods each of whioh being oqual to t, the 
mechanism of impact is assumed to bo governed by IlerU’s law. This 
18 discussed in our previous papot § in detail The impaot, during 

* BouBBinesq— Apphoation dos potential, Pans (1836). Love— Tlio VTatheinatical 
Theory of Blaatioily ('ith acHtion), ark 281, pp. 43L 441 The roforoncoB In the othei 
earlier woikers are given in tfie introduction of this treatiBe, pp. 26 27 

f QhoBh-Ind. Phy. Math Jour , Vol. 8t pp. 78 79 (1982) Appiovocl Thoa.s (oi 
rtio Griffith Memorial Prize of the Oaloulta University. 

t Teohudi— Phy. Rev , Vol. 18, p 428 (1921) , Vol. 23, p 956 (1024). 

I Qhoah— Zoit f, Angw. Math. Moo., Vol 14, pp. 71*70 (1984) 

II Andrews -Phil. Mag , Vol. 8, p. 781 (1920) ; Vol 9. p. 698 (1080) Proc. Phy. 
Soc , Vol. 48, p. 1 (1081)— Approved Doctorate ThesiB of tfie London Uniyerqity. 
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the intei’mediate sub period, obeys Hooke’s law of compression and 
waves ai’e generated within the bar from the struck end 

In this paper, we propose to work out the problem in detail for 
Hooke’s sub period, which is composed of a number of small intervals 
In Section I, we sbnll extend the theory following St. Vonant’s 
principle. In doing so, we shall adopt the symbolic representation of the 
differential operator, in order to overcome the dilHoulty arising out of 
the integration at successive stages In Section IT, wo shall givo a 
generalised treatment of the above piviblom. It simplifies the process of 
successive deductions for different inteivals In Section III, wo shall 
give the general expression for the displacement and pressure In Section 
IV we shall consider the special case of the rigid load for higlior 
intervalSi And in Section V we shall deduce the expression for tho 
duration of contact in the oaso of an elastic load 


Seotton L 

The differential equation of the extentional vibration is 


di" es” * 


... 0 ) 


where s la measured flxim the fixed end of tho bar, w is tlio longi* 
tUdlnal displacement, o the velooity of the longitudinal wavo propaga* 
tion along the bar, given’ by o*=^^a.fp, JD, being Voung’s modulus, 
a tho cross section, p the mass per unit length of the bar. 

The bar being fixed at a=:0, the value of iv la Kero at tlio point 
The terminal conditions ats:s2, { being the length of the bar, is given 
by the equation of the motion of the Striking body, which is also 
supposed to be elastic, or it is for Hooke’s period 


P=M 



-Eva 


vaa 


= — E,^ (Hooke’s law), 


( 2 ; 


where Eg is the elastic constant depending on the material of tlio 
Toad and its shape and size, z tho displacement of the centro of 
gravity of the load is given by 


(•0 



THEOllX OF THE EXTBNsiONAL VIBRATION OF A BAR 8 

P and ^ lepi'GSOiii prosauro and compiossion of tho load, and is 
meaguiod from tho beginning of tlio Ilooko’s period, that la, f=T 
' Tho solution of (1) is of the form 

?y=:F(c(— s) + ^(d+J!), ... (4) 

whore F and >p avo arbitrary functions I’ho terminal condition 
to=0 at s=0 roducoa tho oq (t) to tho form 

i03=F(cfr— a)— ... (6) 

From eq. ( 2 ) witli tho help of (5 ) wo have, 

g«_X[F'(ci-;) + P'<ci+i)], ... (6tt) 

whei'o 

XsBia/Ks. (6£0 

Now wo may ooiisidor F a function of nn argumoiifc S whioli may 
bo put equal to [ct—a) or (ot+s) when roquirod. 

On subHbibutmg tho mlno of ^ from (Oa) and w fi’om'(<lf) m oq. (2), 

wa bavo 

«Eia{r(cf-0 + 3P'(oM-0)* «i C?) 

■wluoli 18 tbo " Equation Jpromotrico ” obtained from tho fceminal 
condition at s = l or 

F'"(£) + ^ r(a + ~^F'(0=f F^{f-20" 

+ l F'U-20+ l?,F'U-2Z)j. .M (8) 

The oomploto integral of oq. (8) is 

I,’'U)=A«34b/^: + |. ... (9) 


where q and p aro the roots of the equation 
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aud are given by 

2i},a ±2 1 Mc^ 


(U) 


and 'A, B are oonatanta of integi'afcion When 3?>£ — i 3 r> 
expression - . ^ F(g— 2?) vanislies aa F(^— 2i) is known only 

from ihe interval 5 Z>£-ct>3Z. Bo F'(£i, during 3 Z>£-ct> I roctnooH to 


... ( 12 ) 

f 

I'roni fclie boundaiy conditions, namely at ^=t, H'O 

velocity of the load at the beginning of fcho Iloolco’a poiiod, wo liavo 
fiom eq (6) and (6a) 

F(cT-l+0)+P'tcT+l+0)=0 ... (13a) 

t>[FV-i+o)-r(oT+if.o)-x{F'{oT-^+oj 

+r(oT+i+o}]=-u, ... (iJiftj 

Or we have 


F(ct+Z+ 0)=0 

F'(or+HO)=Hl 

cX 


} 


whicli, with the help oi oq. (12) load to 


(U) 


V 

4 

Bpoi’ftr+o - !!jl 


On solving eq. (15) for A and B. wo get 


A^=^e-''<*T^o B=— 

fl/3 0/8 ’ 


. U5) 


(10a) 


wliore /3=\(q-jj) and X=i5,a/l!5,=:~ J— . 

(q-hp) 


... ( 106 ) 
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Thus during tho inforval 3 Z>^-ot>J, with the help of 

(16a), cq. (12) can bo written m tho form 

!’'«)= ... (17a) 

where- (176) 

When 5Z>^— flT>3i, WG havo fw>m (17) 

] .,. (18a) 

So, from the oq (9) wo havo for during this interval 
P(« = A01S+ 


... (Igj) 

wholo (i8o) 

ITow if q and are tho i*oola of tho oqation /(D)=sO, wo havo, 




ri—i 


]> 




/(D) (2-y)LD iq-p) (q-p)* (q-py 


+ (~ 1 ) 


» D"-> 


iq-p) 




and 


e'’* ri 1 . D . D> . 

fi^) ^ (3“P)Ld' jj)« “* 

. D"-* i _ 

where D and ^ have got thoir usual meanings. 


( 19 ) 
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Thiis eq- (il8),with the help of (19j,poduoes to 

I I ’ . / j i) j 



The condition of continuity of ^ and 3 at c^i—T)—2Z give, ' ^ 

3j’'(oT+Z-0)+Kf(or+3l-.0)pli“(flr+«4*0)+F'(CT+3l+0) (21a) 

and 

T''(or+Z-0)-F^(oT+ai-0)-\{F\or+l-0) + F'\flr+§l-0)} ‘ ' 

=F^(oT+I+0)-F(or+8l4-0)-\{r(cr+l+0)+r(DT+3i + Q)} ,..'(216) 
From eqa (17), (20) and (21), we get 

f , 

^22rt) 

On solving eq (22) for A and B, We get ' 

, c(i\ * 

' ' ‘ J . 

bU-Hi 0“j-(<r+o«.2^ o~f(«T+« O 

j ci5 0^8 

iHenfiev^roipi {23),^'(£) duriMg the iutArval — cf>3l ^becomes, 

' V ' ( ' ■ \ ^ 

r(0=t^[ ]+^. [ o9f*{2-|8‘ + W.} 

{2-;8*-2«.}], .„ (2i) 

' ' ‘ " . I , ' ; 

and -21=^-07-31 ' 


where 



THEORY OP THE BXTBNSIONAL VIBRATION OF A BAR 


T: 

When cr>5i!, wobavo^ from [24) • ' , i 

'rU-2Z)=i^|^ ’j+^^ [ Cl + 2j3-y3“)e^^*' ’ ' ‘ 

where ^:a=^:,-2i=^j~4i ... (2b) 


2 W(t—' 2 l) 

The value for bho expression - — — ' , as ooourring in oq. (9) 

A /(U) 

can very easily bo obbamocl fi’om, (25a) and the gonoval rolaiion 
(10), as, 





So F'(4) during this mtorval oan bo roadily obbainod from eq. (9) 
and (20) f^s folloivs 

i?>(!:)=ao'?4 ^ oi^' -/f*] 

+ 7lk\. ‘>’*'’{(l-fl)’ + (3+^-^-)2«,+K3«,)>} ' 
{(l+ffl’ -(3-/3-/3« )2^y£, + mn , ) • } ] 
- [ 'i’^M(2-^’)+2W.}-»'’^*{(a-i8’)-2M.}] (27) 
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The continuity of ^ and I at c(<-‘t)=s 4Z, give 

F(fT+3i-0)-f-F(oT+5i-0)=F'(<»r+3?+0) + r(cr+5;+,0). ... (SSre) 

F(cT+3i-0)-F\Gr+5i-0)-\{F''(oT + 3Z-0j4FCcr+5^-O)} 

= F'(fT+3i+0)-F\cr4-5Z+O)-X{P'V+3i+O)+F"(fiT+52 + O)} (28&) 
With the help of (21) and (27), eqn. (28a) and (286) beGomo. 

Ae’('r+flil + Ba).C(T+(iO=: 

+ ^. [ «”'-«»'] - f , ... (a9„) 

and 

* A}a«<^r+ai)^Bpg^(.T+so__£i_ r5(,»4i_pflP*f’] 

* J 

[(3+^-^’)g+(3-/3-/?»}pJ . (29&) 

On solving 


and 



c/3» 




+ (3-/3-/3»)(l+)3)-(l+^)»]e“i'(^T-BO^ 


Q^noe, ^hen 


1l>^-cr>U, 


(30) 
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g 


!?'«)= [e«^' -a»^>]+ +mM 

- (2-^« -2M.)] + {;3‘ + 6{1 -/3- ) 

+ 2/3(l+^){3-2/3)g£. + 2/S»7''£“} 

-2^<l-y3;(3-2/3)K,+2;a»i^“^S}l ... (31) 

ivhoi’Q and aro givon by (176) (18d) and ^266) 

In a aimilar manner T’'(J) for Oi>J— or>7Z and at intervals 
liigliGi’ than that, oan very easily bo calculated by talcing help of eqs 
(9)> U9) and from F' (f) of tlio pi’evions interval, of courso tlio todions 
piooGss of integration is got rid of, in tlie present method,— by tlie 
symbolio roproaontationfe of tlio differential opeiator. 

Scohon JI 

In tins section wo shall ostabhsli relations between tlio constant 
coelflcionts of tbo functions, during tho interval (2n — l)6>f— rT> 
{2n—3)l and (2ii-bl)i>^— fr>(2B— which will holp ns to know 
completely tlio function during any interval, from a knowledge of the 
function, during the interval just piovious to it, 

Foi’ lihe sako of sitnpliolfcy wo put 

^:-cT-i=£, 

**i fti 

And in order to avoid confusion, wo write Fi(^), Fa((;i.,.ir„ 
for the funotion F((;) during the interval 

3Z>C-ct>Z, 5Z>£-ot>3Z,... 

(2j» + l)Z>£-or>(2»-l)Z 
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The study of the results of the previous sections shows that, 


wlioi'e, the form of the lunotione ^ can bo represented by 


( 2 ) 




(3) 




=a^^* k 

r ao 


a.A\+eJ^' ^ li.„«: 

rat, 


(4) 


and 


"2 'T 6. „«. 


(1r»> 


S 

ra* 


({■>) 


The Equation promotHoe, represented by eq (8), Sec. I, onn bo 
written for different intervals fi*om eq (2) as follows 

/CD)^,U,)=0 

during 81 >^— CT> 1 !, 


whence /(D)0.«,) = ?. 0'.(£.)-/(p)^.(J.), 
during ^i>^:-wCT>3J, 


and 

/^D)^.«.>= ? a.)-/(D)^._,(£.) 


during (2n-t>l)l>$-,CTtU»-^l)?. 


I’lIEORS' OP TII 13 EXTENSIONAI. VIBRATION OF A BAR tl 

Wq shall only oonsiilor the last one in oi*dol' io establish i elation 
between <)!>„ and and then constant coolRoient-i This equation 

can bo written ns 

••• ( 0 ) 

’ Substituting the valiiea of Rhi fi’oni (6), and their 

first and aoeond derivatives as required by oq (6), and equating the 

coeMoienta of and 0 ^^" on both sides logpoobivolyt we get 

after simplifioation, reinanibormg q and p are tlio roots of the equation 

/(D).D.+ “+^ = 0 . 




1+2 

q-p 







ft (r+1) 


? +2 


* • » 


( 7 )^ 


b 


»>(^■^ !)■ 


?+ 2 . 






^P^("- 0 .r ,Q\ 

-^“T+T • 

The conditions of oontinuity of^aiirl a at o(^'-T) = (n--l)2l, that is, 
f=:(2tt— l)i + 0 T give 

X[F\ct+ ’2a— 0) + F'(ot+ 2n— 1 Z— 0)] 


=A[F'(cT+2n-3Z+0)+ir'(c'r+ 2i»-l Z+0)] 

and 

ir'tcr+ 2’jr^J-0)~FV+‘^l*“0)-\[r'(cT+2“^ (-0) 


+r((Jr+ §Jr=IZ-0)] 
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=F(or+ 2n-32-0)“F'(cr+2tt~lZ~0)-X[F'(cT+2»-3J-O) 


+r(or4-2tt-lZ-.0)] ... {10) 

By the help of the last equation given in (2), eqs. (9) and (10) aro 
reduced to 




and 


wluoh, by the help of aqs. <4) and (5), boooma 

and 


... (Xl) 
... (la) 

... (13) 


or 


and 


+ *’(»-i)u]=(aMO + ^»io)“(«<--i>’0 + &(..- Dio) (1^) 
eqa. (13) and (14) become, when kt^O 
(a.,o + a(.-D.o) + (6„o-»*&(.-i),o'*=0, ... (15) 

^K.o4-af,-i,,o)+Ki>.,o+N»-D.o = -[|Ca(„.,,.,+b(^ 

+ (».ix + &-„) + Ca(p.-xi,o + 6(H-D,i)] ... (10) 

On solving eqs (IB) and (16), wa got 

&«.o+B(»-o.o = -(a„o+a(,_,j,„) 

fnr'^n° T' “n'l 

all TOlnos o( » and r It sUonld however bo remomberod that 
a.,, and b,„ are isero for all values of r greater than (n-1). 


Now putting r=C«-S) w eqe. (7) and (8) we get _ 

.«-l 

»Q 

ln-1) ! 


a.,,.„=f =(2^y 


... (ISffc) 


‘I’tlEORX OF THE BXTBNSlONAL VIBRATION OP A BAR 


-.<--1) ^ J ,„_1) I ^ / (n-l)\ 

-A.gain, putting » =»— 3 m (7) vve got by the help of eq, (18a) 

'<-»5 (n_2) (n-2)!VjSj ^ 

and similarly, 

fli— ~ — — -J: (S’— j8— 1)^ 


Wow, multiplying first, socond, Uiiitl, oto , of the above equations by 
<2 3 

f ’ (.,7^) if)’ (T^aWs) ( f )• 

addition, 

2 

)■ l)ai,o J , 

proceeding in the similar mauuor wo havo from oqs. (8; and (186) 

'“•'■-»=( -^0“"' (7^1 [ 

Theso general expiossiona will onable us to determine the functions 
coinplotoly at diffoient intorvalfl, from the knowledge of the functions 
<hii.'iTig the interval 8i>(;~or>iwhich is given by {vido eq. (17), Seo, I) 


wli or© 




... ( 21 ) 
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Tlie function duiing tlieinteival 5 Z>^-ct> 3^, from cqa (2) and (4) 
18 of tli6 form 




wliei'e 


and 




OsiO — — 


( 22 ) 


whioli aro obtained by tbe help of (17) and (Irf) fon n=2 and oq. (21) 
This IS ftflmo ns obtained obhenvtee in eq (24), Soo I. 

The function during the interval 7 1>^~-ct>U is of tlio form 


+ '>^^*(6.,o+(’,n£.+!'.„£i). ... (23») 

where< the oo*e(Iioionts are obtained very easily by puttnig weaG and 
fsO 111 eqs (7), (17), (18) and (19) which aro ns follow 




(l~/3)(3 + 2/3)2fip, 


0 / 3 ' 


r.Ro 9.1 • cfi* 21 ' 


.. (236) 


c^e® 2| 

These aie same as given by eqs. (31), Sec. I, 

The function during the interval cr>7l is represented by 




(24a) 



theohy of the estbnsionat. vtbtiation of a bah 


IS 


where the vah;eq of the co-efTicientB avo obtained from t)ie same genewl 
rolationa by putting 9=0 and from the knowledge of the co- 

effloienta nt previous interval. Those aro obtained as given bolow 


<». ,0 = (2-^nl/8‘ + 10(1-|8-)], 

[/ 3 ‘+« 1 +/ 3 )( 3 - 2 / 3 )( 2 -/ 3 ) + 2 ( 1 -^* l&-/3<Wq, 
W‘-/3a-/3)(3+2^)(2+^)+2a-^'‘)l6 + /3)]2^!p, 

<■*,. = ^[<t-«3/3+2)] (Wl, 

a - ( W** h - 1?^’ 

3 ! ’ 3 ! ’ 


U29b) 


Thus, in tho similar manner, wo can vovy easily ovaliiato fclio oo- 
oflloionts of the functions F' at an interval 1U>^— ct>9? and at intervals 
higher than this, by giving diJToiHmt valiios to ji m tho gonoral ex- 
pressions t7), (.8) (17j (18) and (19). 


SocUon IIJ^ 

In See, II wo havo developed a gonoral inothod by wluoli tlie 
constant oo ofiicionts of tlio F'(i) at difforont mtorvals can very easily 
bo determined when tho form of tho functions is known In this 
section wo shall give general method of finding out («) F(f), («) dis- 
placement of tho struck ond of tho bar, (w) displaoemont at any other 
point of iho bar, and (w) prossiiro of tbo load at different intervals. 

( i) Bvaluation of F(g> 

From eqs. (2) and (5) Soo. II, wo havo 

... (ifl) 

whpre 

a a,„£r+o'’^" a 4.„£:. 

rK9 r^Q 


«« f 


(U) 
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Integi’atiing we get 

S' «<^) = I’ » _ 1 fO + )dL + const 
d^=:-dt, = =dL* 

Fiom (16) 


... (2a) 


M 


pL 


,3„A.a:+-; 


where 


+^-np . 

9 




q-r-, » 




-^ + 


M» !•« 




.-ip 


■ sr — l 


p>-r-l 


(3) 


here P stands for fclio permutation. Tlie other co affioioiits are obtained 
by gmng values 0, 1, 2. ... (n-1) to r. The oo-effioients and 
B, ,r for r greater than (w-1) do nob ooonr. 

The constant of integration in (2a) ia evaluated from the oondition 
that S’*-, to and Fn(S) are continuous at s=l and 0 \#—t) = («— l)2i!, 
which gives, ’ 


A r> 

const, =— .fills 
9 V 


So blia eq. (2a), by the help of <2b) and (4) becomes 


I '„(0 = P -,(0 + [ 


f' ‘-2“ 

3 •■=0 3 p 

V, B. 


r=o ^ P J 
where the co-effloients A,,, oto., are obtained from eq, (3), 


(4) 


( 6 ) 



theohy of thb BxrBNaioHAii vibration op a bar 17 
Spaoial Oases * J 

(a) F(^) diunng tho interval Si>£— OT>i 

Piit >i = l, we have from eq (5», a«» Fo floes not occur, 


q V 

whorri A, B,.«== 6 ,„ 

whioli are obtained by putting weal, r=0 m eq, (3) 
(^) Ft^l during the interval 5Z>£— rT>3Z 

Pnt »j=2, we have, ft*om eq (5), 


(ба) 

( бб ) 





v 


whore, 

A.,3 = a,,o+^i^' =^U(2-/3»-2/3), (uiffo eq. (22). Soo 11 
A,,, =:a,,i=^J 2/3qr, 


(7«) 


(76) 


winch are obLainod by putting «c:2 and r=0 and 1, in eq (3) 
(o) F(^) during tbo interval 7 Z>^-'Ct> 5Z 
Putting «=:3 in eq. (5), wo liavo, 


A 


(Z 


4- M 


iSa) 


8 
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where 


{j8*+4jS»-2(l + i3)(6|3-2/3>-3)}, 

y 3 ®P 

' (f/ [236), Seo. II), 

+^i^= ^{/3‘+4y3« + 3a-/3)(6;8+2/3» + 3)}, 
P p* op" 


A;, (l-^)(3+2^j2^g, 
a + j8){3-2^)2/S).. 


Aj,,— O3,, — 


cfi‘ 


(2P<j)» 

2 | ’ 


B. 



(2^Pil 
21 ’ 


( 86 ) 


which are obtained by putting »=3, r=0, 1, 2, in eq. (S). 
id) F(^) during the interval 92>4 :— ot>7Z 


.platting wss4 in eq, [6), we have, 


! q rmo <1 P 


M 


where 


A. „=»„.-2^’ +8^V-’- 

B, +6 


S (9n) 

'»C p 


AliS— ®4|8> 


Bits— 


(96) 


which are obtained by putting n=4’ and r=0, 1, 2, 8 in eq. (3). The 
values of the right hand members are known from eq. (246), Seo. II. 

Ip a similar manner we oan evslaote the function for any interval 
from the g6nei;al expression given, ’ T 



TilfcORY OF THE EXTBN&IONAL ViBBATION OF A BAR 

(w) Disj^lacmxent at any point of the hai, , 

The diaplaoenianlj afc ftny poiafc for any interval, duiing Plooko’a 
period, can dueobly bo obtained by the help of oq. (5), Seo. I and fiom 
during the interval. It is given by 

, ... ( 10 ) 

where and aio fully known fi-om eq (5). But putting n=l 

in eq. (10) we get, for the displaoemontdaiing the interval 2i>o(i — T)>i 

= aincG I’o=0. ... (11) 

Similai’ly, when «=2 vve find that tw, during 4J>o(i— T)>2i, is 
given by 

(y,=]j’j(o/+(()-F,{(,i+5). (12) 

In the like manner, wo get the values for the interval higher than 
the above 

(ill) Biaplaconient at the atiuoK point. 

This 18 obtained by putting in oq. (10), oi wo have 

. r g«(« < S 1 ) n-l 

y f »0 


A —A, . «/'(« < , -I*-! »l) 


B.,r 

P 


whole ty:=it~T 


... (18) 


... (15) 


By giving different values to n in eq (13), wo ^et 


(<».).-, =-i’.(o«+!)=-^ ... ( 16 ^) 
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(w>a)ial i(ci — i)-rF,(«54 + I) 





Q 


nPe « 


p 

where 

end 


“(/ 3 >+/ 3 ^ 1 +^pc«.)+ ^l±fci 1 , . ( 16 J) 

P J 


L 3 r=.o 3 


eJ’- 


rao 


B 


8 lO 


:B,.o 


... (ISc) 


where ia=^”2Jand 


A„.-A„o=^^ [r + 8(l+/8)(l-|8)’], 


A„.-A„.=|!l [^•-U-^)(3 + 2;8)];8j, 

A 

[2^>+3(l-^)(l + /8l-], 

B„, = W’-a+/ 3 )( 3 - 2 «]/ 3 p, 

In a similar man^^er, (^n, find t^e the 

strnqh point, at any interral. It should be noted that in order to get 
the complete displacement from the beginning of the impact we have 
, 5^9 qidd Wolthe Ippal statical qompri^ssion prodnoed during Huerta’s period 
to the expression of the dispUoement during Hooke’s period. 



I’HIiORY OF THE BXTBNSIONAL. VIBBATION OF A l3AU 2J 

PteSkUiO eierted by the load, ' 

From eq (2) and (6a) Soo I, tho piossme OYOL’fced by fcho load \'i 
given by 

which whan wufctoti in oar usual notations, the pressure toi 
iVitalval 18 leprosontod by 

where we write I for ct+l only, and has oorreaponding usual 
meaning given by eq (1), Soo II. By tho hplp uf oq (5), Soo, II 

+ aP^- "i\b.,r+K-ur)i^l] ••• (17*) 


Now giving dirtorent values of », wo g^t ^ho proBsure for dirtoionb 
intQi'VfJs, aa follows 


Pj=sFia[ai,oO*'‘i+ii,o 0 


ptt 




(o 


«• * 


tPe ( 


^ 5 


( 10 ) 




=P^H. (19) 

P, = I\+lilia[o«"‘8 S^(aB,r+».,r)W + e'’"'“ 5(6,,r + ha„)W]. 

==p;4. ?p^ + 




... ( 20 ) 
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and 




... ( 21 ) 


wheiB Bg,, 6a„ and are given by eqs (236) and (246), Sqo. IL 

In the similar manner wo can find out Pg, otc. 

ea an^°sl7 '>«« oonMdaied the ,ri.ara , „„d a» g:ve„ by 
eq (11) Sea I, a™ real Bat j and p are imaginary d the expression 
under tbe radical sign of eq, (U) See I be negative, jo , it 


or 


^ B| 

Me* '^B*a* 

4ap . E, o „ 

M ^ ® P=E,a 


I ». 


(22) 


This may very easily be raaliaed i( the load le vot;y liglit. 
Thus in the pfoaont case we may write 

9=M+»V V 

pZSifl — ^y I 


where 


iM (28) 


^ V Mo* ) ‘ •• (24fi) 


so 


/3=X(5-_P^— jVX. 


.. (246) 


"With theao modified values of q\ p and B all fi, 
obtained befoie oan be very easily vewntln We We 
only the transformations of eq (19) and (20) 


p _ P^\0 Mt, . 

c 


£U 


(25) 


*** A*v' [ +^''Ma Sin {vci^ - tfin-^ t ) "j 

V J* (26) 
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Seotton lY 

) 

So far we have developed the theoiy in the case, when the bar 
IS stniok by an elastic load In the present section, wo shall show 
how the generol solution may bo lediiced to the case of a hard’load 

' In this case ^= 0,^1 — and }fij = oo, lienco 




.. ( 1 ) 


where Moioovor t is zero, as the impact does not begin, 

pi 

following Hertz’s law 

Substituting the above values in oq (5), See II, wo got, 

s' ... (8) 

i ’«0 

and from eqs (7), (17), (18) and (19), wo have, 


, Jirt- 

I ... (3) 

‘"'-O’ 

wluoh lead to, for Biiitabla values of » and r,' 

-J*. «!, 1-^(3?) ; 

j 

«4.c== 0 

_ «o I2q)^ . 
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where q = 


L. 

ml 


as stated before. 


These lead to identioal expressions 


of r'{^) for difEerent intervals os pfiven by Love,^ in his treatise on 
Elasticity. It should be noted that Love lias ^iven the exprossiona 
only up to the third intervals 7i>f>5Z, owing to some algebraic 
diffioultiea. But the present nietliod is peifactly straightforward 
and can be used to ovaluato for any intoival. 


In the present case eq (5), Soc. 11 [, reduces to 


q rt=o q 


where 


(S) 


A-iiir=r 'liiliiii — 

L a * n» ' 


... +(-)-*-. . j. 

Tins gives, for different values 6f ti, 

F.(a= -1), 

i'.<«=r.w+ |i+(?9j.)l. J _ 1 j, 

cql I ^ 21 3! ) 

I'.«)=l’.(£)+ <’’^‘[l+(2»£.)'+ ^(25£.)> 


♦ JjtY6 i^Tbe JdutbematloaJ Theory of Eloslioity, 4th edition art 281, pp. 481 441. 
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From eq (6), wo can easily got the ov:proqstoi\ for tho clisplacemont 
at tho struok point by putting (of— <) and {ri + j) for ^ as I’equirad 
by tho oq (5), Soo I, and finally patting 8^1 Those are given by, 

qa 

K).=, ], 

+j^,»(o(-81)’+-',?*(o«-8I)‘}-1 ], .M (7) 

and the pi ossiires oxortod by the hard load at difforont intorvala may 
bo nbtiimoil by dilforontiating «J,ai twioo with I’o^poob to tiino as 

nr they may bo diroctly obtained from P’(C). Tlio general 
oxpiosflion for tiio preaHuro is given by 

r=0 

By the help of oq*) (4) and (9), wo got , 

P,=::Pj + 2pyofo*‘*'"’'’ 

= l\ + 2pUoCO 


4 
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P„=P^+2/it)„ce»<"'«*>{l4.73{ci_8/) + 95*(oi-80“ 

+ || + ^ q*{ct--8l)*}, ... ( 9 ) 

and so on In a annilai* mannov wo can dofcounino tho pi’oaaiiro ul, 
any infcaiwal, Tima it i-s aeon unlike tJie elastiG load that fcho proaHiivu 
in the oaae of tho havd load inoret^ea by a eaddon lump of magnitiulii 
S/jUqC except at the beginning wliet'o it is pVo<5 only, 

, The dediietion in the oaso Of tho hand load whioh wo have undor 
taken hero playa an important i-olo in developing KauEinann’s thoory of 
the vibration of the Pianoforto string The oomplote disoussioii of 
this point 18 given ui ono of onr papei>s * on tho 8 ub]oot. 


iSeoiim V, 

Dutafion of Ooniact. 

The expreaaiona for tho pressure exerted by the load whioh we have 
derived above, is a fiinofcion of time, and is taken to bo meaaurod funii 
tho beginning of the Hooke’s period, that is ^=:t, whore froprosontn 
time, measured from tbs beginning of tho impoofc and r, tho Ilortsi’s 
period at the beginning. In the oaeo, wbon Horta’s period at tlio 
beginning is abaenb, lo, r=:0 tho duration of oontaot 4> is defliied as 
the positive root of the pi-essure equation P„=0 But whon tj/jO, 
the positive loot of the pressiiPB equations will roproaent tho sum of 
the Hertz's period at the beginning and tho Hooko’s period. Hut 
this IB not the total duration of oontaofc but is loss by tho amount 
of the Hertz’s period at tho end whioh is also taken to bo equal to t. 
So substituting 4 >-t for t in the pressmo equation and Holviug for 
tlie positive ^values of <P wo get the required duration of contaot. It 
may be noted that at highor intervals may have miiltiplo number 
of positive values. This will bxplain the multiple contact during 
impact 

From eq. (16), Seo. Ill, we Bed P. =0 hw got eo real root oxoopi, 0 
and o= ; so the impaot does npt t'erminate during the first interval Hut 
m the case of light and soft load,^ eq. (18), Seo III, is transformed into 


K(ir~Gho8b !— f Phy. Yol. 61, pp egg B87 {J080), 
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whaL IS givon by oq (26) In this case tho desired root, by putting 
<5 — T for t, IS given by 

ai- ^ +2t, 

Vfl 

where v ip given by oq Seo HI. 

Again subatituing <I>—T fot t in given by eq (10), Seo III and 
equating to zero, wo got 


<I> =.2t + + (/36»-^+2) +2) , 

2^'[7+p. )] 

Hero the last expression on the right hand side involves ‘I» iii the 
exponential , 80 it IS diCTioalb b) in iko an exaol evaluation of it An 
appi'OMinate value miy liowevor bo obtained in tho following way ; 


Aa tho prosauro tarmiuatoa duniig the second interval, so (*h— ‘2 t ) 

0 

must ho bobwoon 0 and for nil ndmtssiblo valuos ot o, p and o Again 
0 

U<l\p (p— 7 lc(<I'— 2 t— lies withm tho range 1 and 0 whon (<I> — 2 t“~ ) 
vaiioa from 0 to oo TUoroforo tho vahio of tho exponential under- 
goes only a small oiiango whon («I»— 2t— -^) ohangos from 0 to 

c 0 

IIoiioo wo may put Lite moan vahio for . <I>— 2 t— •^) m tho oxponon- 

tial, without uitroiUiouig any sorioim ori*or in tho ovaluatiou of '!», 
Tlius oq. (2) booomoB 


*I.=:W+ 

° - 2^('[7+ pe*'’-**' I 


.. (8j 


whioli IS tho duration of contact wlioiv pressure torminabes during 
tho second interval. 

In the aarao way wo may pi’ocood to obtain <I> up to tho interval 
^(J^>o(^~T)>8i5J^ beyond whieli algobraio solution i8 not possible, 
HO graphical method sliould ho adopted iit thoso oases, 

In tho ease of tho light and soft load w|iQn [q, p]=;/Aj;8V, ^ will 
bo obtained from e([ (27), Soo III, iii tho same manner But here, too, 
algebraic solution fails Further it h unwiso to reduce eq (3) to the 
ease of the light and soft load, owipig to tho approximation introduced. 
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la the oaso of the hard load where ^ (vide eq. (1), Sou Hi) 

ml 

the pieasuiQ does not terminate daring bho intoi’v'til >0 whioli 


13 evident fiom eq (9a), See. IV 

If the pleasure tei’imnafcea daring tlie interval tho (Uirafciou 

of contact is obtained by equating eq. {9b) to zero and substituting «l» 
for t Wo have, 




(4a) 


whei 0 



(it) 


piQvided tho mass ratio itt does not ovcoed the valuo JU=1’7, being 
the root of the equation. 


j ( 2 + 0-5 )=1 

Thus the preasuie torminafcos during this interval so long as I 7 1 
The oq (4) can also be readily obtained fiom (3) with the appvo'cimations 
lequired for the hard load. The above values of <I> and in are also 
given by Love {loo cU.) 

In ocdjjr to obtain the duration of oontaet whore prosauro loriuinatoii 
during the interval 62>o/>lt, we got troni oq, (Oe)i See IV, m ilio 
same manner as before 

where 2T)+{rJ.T‘ =0, (6) 

3 fe"! ), 

(r.). = ’-^[i+-“ ' )] , 

piovideed the maximum mass ratio is given by 

4-'ya)i+(r«),=0, (8) 

wbioh hna a root m=4 14 approximately So the proaauro termniaios 
during Ql>ot>4il go long as w:^4 14 and the duration of contact wluob 
18 obtained on solving (6) xg given by 

*=nT+T| [(S+e's- )± I (S+o-5 ) 1 + 
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lb may bo noted that as double sign oocur-s m fcho valiio o£ we talco 
only the sign that makes .ir>‘&>5ST tor particular value oC m lying 
between 1 * 7 and 4 14 

Similaily for the interval 8i>ci>6i, wo got, by otiuabing 1^ given 
by eq Sec IV to sioio, the clumiion of contact as the positive 
root of the equation 

(.I._3T)»-(Y.).T(.I.-3T)' + (y,).T>{4— 3T)-<Y.).'i'*=0, W 

whore 


(ya)i“ ~^^'4+e'" ^ 



provided the maximum mass ratio is given by 

i-(va)i + 'r9)*-fy3)i==o» (12) 

wluoh has a root m=:7d, so tho prossuro torniimvtos during this 
interval, so long in^^' «1 and <^414, 

During tho interval wo got, by oqimting to sioi'o, 

tho duration of ooiitaot as tho root of tlio equation 


whoLO 


•(y»)8T«(4>-4T) + (y*)‘T*=0 


- JL 

(y*)i=w(8 + e “■ ). 


... (13) 
1 


/ V r 

(y*)» — [ 


94*0 +4e 




(z^V 

^ j.o“ « / 5_li® 4. 

W 

\ m j 

‘ \ 

w* )j 


(y.).= n[l+a +” j 

14)1; 

\ m m* 3i»® /J 


(14) 


provided the maximum mass ratio is givon by 

i“(y*)i+(yi)*“(y*)#+(y*)*=o, 


... ( 16 ) 
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which has aioot »j- 10 4, sofche prassm-c terminates during tha interval 
m>ct>8l if the mass x'atio lies botweon 7 3 and lO 4 

Tim general solution of the oqs (10) and (11) are well known in 
inL oqunfcion But the pi ossuro for an interval higher than 

m>cl>8l will lead to aimilar equations of order higher than 

tour, bo in that ease algebmio solution fails and the numerical solution 
18 to be adopted 


buntmary 

; The dynamical theory of collision of a haul load with the free end 
of ft bar whose other end is fixed was developed by Bousinosquo. This 
theory 18 extended to the case of an elaatio load obeying Hooke’s law 
of compreaaion. In doing so it is assumed that the eollisioii begins 
following Hertz a law of impact, until pleasure exerted by the load 
attains a fimto value, beyond winch the oompression of the load 
follows Hooka s law, and waves are generated in the bar from the 
8 ruok end After a time. Hooke’s law is over and the pressure falls 

to the same fimto value. From Hus value pi esBuro falls to zero follow- 
ing Hertz a law again, tilUhere is no more coutaot The caloulafcion 
or HeHzs period is not developed in tins papor. The detailed 
oaloulations for Hooke’s period are given in di/forent sections, In 
See. I, the Equation Promotrioe which has undergone niodifloation 
due to the mtioduotiou of elasticity of the load is solved suocosaivoly 

for different intervals in a much simpler manner, by adopting the 
symboho representation of the differential operator. In Sec, II, we 
hare developed a general method of solving the problem. This 
eliminates the trouble of successive integrations and allows us to know 
the complete solution, Horn the knowlodgo of the same at the beginning 
0 0 interval In Sec HI, the general expression for the displaoo- 

mont, pressure, ote., are given, fi'om v.liioh, speoial oases for any interval 
are easily deduoed. In Sec lY the generalised treatment in the case 
of the- hard load is given, from winch the functions for different inter- 
vals aio ebtainod as special cases In Seo V expressions-foi the duration 
of contact for different cases are obtained and other related questions 
are discussed 

My bert thanks are due to Prof. K. 0 Kar, D So , for suggesting to 
methepioblem and for inspiring guidance, and also to Pi of A II E 
liove, P B S., of the Oxford University for removing some doubts 

Bull Gal Math Hoc. Vol. XXVII, Ho. 1 & 2, (1935) 
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Zahlentiieorbtische Untebsuchungen 

TJND RbSUTjTA'IE 
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Alfred Momssnlr, Nuinberg {Gonnantj) 
{Comimimcatcd by the Scorclary) 


In naoliEolfi;ondon Zoilon sollon gowhflo mhlonLhooi’ofcisolio RofiuUato 
ailf dio olomonfcai'sfco Woiso gowonnon wortlon 
I. (a) Nacli dor Foi'rnol 2(l+.i,+.w*)"=(.o" — + + + 

fur »=2 und 4 bokoininfc man gany-zahligo Losungon dor Gloiohung 
2 A"=:B’* + 0" + {.B-HOj’‘ far n=i5 and 4 Sofczb man zam Kxompol 
iica.S, HO bokomml man 2 IS" =8" +7" + 15" fur « =3 2 und d. Nun 
iab abor dio Idoiititab 2 A''=:B" + O" + (l3 + 0r fur » = 2iintl<li dor 
Gloioliung 2(A*)"=vn’)’‘ + (0»)" + f(B + 0)*]" fur n = l und 2 

gloioli Dioso lobztQ Gloioliung kann man auob m dor Form nolireibon j 
O" + (A’)" + (A*)" = (U“)" + (O*)- + [(lt + 0)*]"furH=:lnnd 2. Bostohfc 
difl Rolalioii JJ + J3 + J;=K; + K; + KI furn = l und 2, dami giU nnoli 
einom allgomoinon Tboorom zngloioli 

(Ji±fl)"+(J.H:’)'' + 0^±8)" = (K.±«r + (K:»is)" + (IC„±Bj'' i:ur«=:l 
und 2 Soizt man nun s = A*und nimmb boi 0" + (A“)" = (B*)" + (0*)" 
+ [(B + 0;*]" furn = l und2dio subtraktivo VorLliidorung vor, dann 
bokomint man dio Uolation ( — A*;";=(— BO — B*)" +(- B0--0*)" 
+ (BC)" fur n=l und 2 odor (mib—l muUipbziovL) • (A")’‘=;(BO+B*)" 
+ (B0 + C®)" + C"J30)'' £ilrn=lund2 

(ft) Aus (a) orgibfc sioh dor allgomoino Satu ; “Gilt dio Relation 
2 A’' = 13" + 0"+(B + 0/ fur »=:2 , und 4, dann bostolit auob dio 
Relation (A*)"=={BO + B“)- + (nO + 0»)"+(~BO)" fin- »=1 nnd2. 
Daboi iHh (B0 + B*; + (BO + 0’‘)-(H hO)’ und (BO + O* > + (-30) 

UxomiAol. 2. 19"=:lG" + 5’'+(16+5;" Cur n=:2 mul 4, alno 19" 
= (i6.5 + lO“) + (iaG + 5») + (-16 5)=3fiI und 336* + 105" + (-80)“ 
=!(19*)"=:19* ; fornpr ifll, 330+105=44l=<16 + G)’’ und 106 + (-80) 
«25=5*. 


(v) Bo8tobldioRolatiouO“ + (A*)*+(A*)" = (B®)" + (0*)" + [(B + 0)"]" 

A # j- C* ^ 

ftU' ns=l und 2 und setzt man -. -TV ... , wobei 0<B ist, bo er^ibfc 
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fuL’ «=J. und 2 IdoutitSfcen von dar Form D" +(—lQr + (--E) " =Til " 
-{. F" + (— Gr)" iar n=sl und 2, woboi D=fi isfc und woboi J!J-|-F=:!BO 

+ 0“ und 13= Aus'D“ + (-.B)’' + (-B)"=l!J’‘ + F'' + 

(-G)" fupn = l und2£olg-t, D< + (-E)»=F^ + C~a) = , woLol (B+O)” 
=3 E+I’ ist und D+B=A^ ist. 


Exompel 0" + ^7*)" + (7n-=(5>)- + (3»)" + [(5 + 3)®]" £ufw = l 

7 * -i. Q 9 

und2,^=i_^ =29 ergibt 29" +(-.20;» + (-.20/’'=20'’ +d." + (— 35)" 

fui' «=:! and 2} 29*-|-(-20,‘=4* + (-35)» , 29 + 20=7* , 3, 20>f-4 

= . 5 +S)*. 


(8) Die Untevsuohnng zoigb, dass, w6nnmanboi2. (A’*)"=;B*)" 
+ (0*)“ + [(B + 0j*]" far »=l und 2 fur jf= sioh Idon- 

A 

titftten von der Form (-Di" +B"+B" = (— F)’' + (— E)" + G’‘ fur 
RndSergeban, wobai (— ■D)=-(( isfc, Daiaas folgt • D» + E“ =F» +a“ i 
ferner D+B = A’ und ?+3. Ii)=G + D=(B + 0j». BeUfc man fi=J 

_ +(B + Q)« ^ aoergibfc2 (A»-5)" = (B*-a)" + (0*-s)'' + [(B + 0)-ff]" 

fur n=l und 2 Identitaten von dor Form (‘-•D)'‘+(—I3)" + (—!Iil)’* 
= (— Li')" + (-a)'' + B" fur «=1 und 2} und folghoh lat D'‘ + ia’'s=ir’ 
+G", -wobei D=s und I)+E=:(B+0)® ist 

11. (a) KaoH der Formol (/-l^J7)" + ('V-i)r)’- + ( 3 ^_ 5 /)"c=:( 4 /- 3 i 7 )- 
+ ( 25 f — 5/) +(^+j) fur na=l, 2 und 4 bokommt man ganzKahlig'o 
Wngen fur H;4 +H;=L;+IiS +L; fur n = l,2iind<t (woboi 
nuoh negative Glieder auftreben) j baruoksiobtigt man dio nogaUvon 
Vorzeiohen nioht, so hat man Ij68ung&nfui’Hj+E[J+H"=Li'* + Jj’‘+X 4 '‘ 
fdr«=2und4 Es ergibfc zum Hxempel /=3, s = l das namorisoliQ 
Beisp.al i" + U" + .-12>-=9- + (-i3)-+4" fur ,.=1, 2 uml 4, also 

1 +ll“ + 12"=9'‘ + 13"+4".fur»=2und4 Fsbedarl komesKommon- 

tais, dasa mifc der angegebenen Formel zugeleioli 


X* +X' + (S+r)*=pZ'+-g» + (Z4.U)» 

X*+Y*+(S: + T)*=2i*+U^+(Z + U)* 


} 


goIOSt ist. 


Wirsefc^on.X-hT—'p und Z+TJ=Q,'8odaB3 also X'‘ + T*+P*=!2»+XJ,‘, 

+ <5* ist. Dann muss naoh emom bekannton gutze (wenn T>X 
nnd U>2 ist) 
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X*+Y* + P"=I3" + U‘4-Q^=2(X>+TP)*=2(Z»+UQ)“ 

= 2(Y*+XP)”=:2(U-+ZQ)*=2[(XY)«+{XP)=>+(TP)'*] 

=2[(ZU)“ + (ZQ)*+<UQ)*3 sem. 

(/3) Das numoriaohe Boiapiol 9" +4" + l3’‘ =1" +12" + 11" far 
m=2 \ind 4 bokommen wir axioli, Avonn wir bei (4p* +2p*<jf® — 3<3|*)" 
+ (2p5)“" + (4p‘-2p"7«™3(jr*)" = (2p")'- + (3g*)«+C4p*-3g*)" fur 
w=2 und 4 aotzou p=l, g=2 

Dieao Pormol gibb also immer Loaungen £dr das System 

'E“ + S* + T“=U*+V''+W^ 

,E* + Se+T* = Ufl+V*+'W*. 

(y) Da soli nun bei dom Problem unlor (a) dor Bodingung gonttgfc 
amn, dasa X=A^ und Y=:H* und dass A.* + B’=0* ist, aoclaaa 
also A, B und 0 pythagoraiacho Zahlon bildon Wir liabon dann 
daa System 

r(A<')> + (Bs)'+(A‘ + B*)’=Z*+D* + (Z + U)“ 

i odor 

t.(A*)* + (B>)‘ + (A» + B*)*=Z‘+U> + (Z+XJ)* 
rA*+B* + 0* = Z»+U*+(Z+U)* 
t A8 + B'> + 08=Z*+U‘ + (Z+tT)*. 

Xun lat (A<)“+fB*)* + (A»+B»)"=:Z> + D*+(Z+U)« aitoh 
so darstollbav (1)2(A* + A*B* +B*)=:2(Z*+ZU+U*), sodaaa alao 
zunUohst ztt Idson wttro ; 

A*+A“B* + B*=Z*+ZTJ+D*. 

Sotzon wir nun— und n ala toilorfromd und m>n vorauageaofczt— 
A=w* — n® und B«2mn, so goht Qlniohung (1) uborin (2) + I4wt®«* 

+«®=Z®+Z1J+TJ®. Dioao Q-loiohung wird idonbisob bofriodigbt duroli 
Z=wi*— 2W*n— 6ni.*^i.®+2?nn*+»'‘ } ir=4»tt*«— 4jn«*. Man bokommfc 
alao unondlioh violo, abov nicht alio L&sungon von GHoiohung (1), wenn 
man sefczb i , 

(8) Z=wi*— 2nt®«— 6Mi*n*+2mH*+»* 5 XT=4«i®n— 4wtn*, 

Aaw*— rt*j B=2wwi 


5 
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E.ieinpBl\ «i=2, n=il orgibfc A=3, B=4, Z = --19, TJ=24. Da 
aber wegen dar Idontifcat u* — i!y+5/* = («— y)® +(a!--y)y + i /2 die 
Belation (—19)® + (—19) 24 + 24'* =5" +5,19+ 19® bestolifc, aobekommon 
wir. 

3* + 4*+5*=5»+19®+2i* I 
38 4,<i84.58_54 ^19*^24-'' J 
Ea ergibfc sioh die algebraischo Identitafc 
3'*+4s + 6«=5‘+19* + (5+19)*=2[(3 4j* + (3.5)^ + (4.5)-‘] 

=2[(3 ® y + (4® .5*)]* =2[5* + 19.24] » = 2 481 ». 

Andore Eeempel j 

5* + 12® + 13-®=59® + 120® + (59 + 120)» ] 

5« + l2" + 138=59‘ + 120* + (58 + 120)® J 

Setzt man mss4, n=;l, so bekommt man die Losung 
8* + 16* + 17*=41‘+240» + (41 + 240)® I 
8® + 168 + 17>«41‘+240* + (41 + 240)‘ J 
HI. Ala “Cunosa” aeion folgende singul&ie Resulfcate angefuhrb : 
Zu Ha)} 3*+l9» + (3+19)*=s6* + 17»+23>=sl0“ + 15* + 23' 

8* + l9*+(3+ie)®ae* + 17® + 23* 

3«+19* + (3+19)'>=10“+15«+23" 

' ZuIIy)' 

21*+28* + 35*=245s+931» + (246 + 931)»=21* + l064' + (21 + l064)<* 

21» + 288 + 35' =245-* +931*+(245 + 931)* =321* +1064* + (21 + 1064)*, 

loh kenne nook keme allgemeine Losung der Identitat 

jA*+B* + 0*=Z*+U'+(^+U)*«D'+E' + (D + B)> 

U'+BH0'=Z*+U*+{Z+-(T)*=5D* + E* + (P+B)*, 

dooh sobeintea nicbt sobwidrig zu aem, eine allgemeine LdsUngsmethodo 
zu findeoi 

Bull. Oal. Math. Soo,, Vol. XXVII, 'No* 1 & 2 (1936), 
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Q-ewissb Fraqen deb 2aiidbnteborie 

BX 

Alfred MoEsaNBR, Nwnberg (Qeimany) 

Fi’age 5 Wie heiasi cUo allgoraoine gaiizaahligo Ltisung clor Iclenbifclit 

Pi + Pj+Pa=Qt+Q» + Q#— + 

P? + P3 + P^=:Q?-{-Qj + Q3=R* + R5 + llg), 

wenn nur posUivo Zahlon vorwondot wovdon sollon P 

ISxompol hoi VoHVondmg von posiliven md mgativon Zahlon • 

T 25+25-1 = 1 + 19 + 39=9+9+31, | 

25* + 25“-1«=1‘' + 19>+29''=9''+9® +31“ ) > also 
5fl + 5o_io--ia4.tga^29»=:8‘' + 3‘'+31“. 

It 81+81-101=16 + 16+29=25+25+11 i 

8|a+8l“-l01‘' = l6“+I6’+29'=25“+25'> + ll“ J, also 

3i* + 3ia_ioifl-2n+2»'>+29“=5«+6“ + U“. 

m. lOO + lOO-4=4 + 76 + 116=30+30+12'Ji 1 

100® + 100* -4® =4* +76® + 116® =36* +36® + 124* J , also 

IQo + 10* -2® =2“ + 76® +X16* =0“ +6® + 124® . 
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albtibd moessner 


Ea S 10 Ai, A,, Aj, A 4 , A„ eine avithmefeisolie Roiho, wolcho 
aus ganzssahhgen aiiedern besfcehfe, wo^on mii* 1 G-liod komo gaiiKo 
Quadrataahlist, . 7i, 13», 17«, 409, 23“) Naoh wololior 

Methods findet man solohe aritUmetisoliB Reilion P Xst dio arith- 
nietiaohe Piogresaion Aj, Aj^Ag, AitAa.Aa 111 ganaon Zahlen moglioh, 
wonn mr 1 glied keine ganze Quadrafczahl isfc ? 


Bull Oal. Math Soo , Vol XXVII, jNos 1 & 2 , (1935), 



t 


4 

Qn a Few ALQisBRAia Identities 

BY 

« 

S. 0. Ohakradarti 
(Oalouiia) 

In a provioua oommunioation * it was shown that tho sorios of 
opomtions nooeasRiy fov offcJoting tho I’osolution of a faotoiahlo 
cletovminant, may bo I’oplaood by a single operation and that when 
this operation IS performed on tlio same dotorminant, somo algebraic 
idonfcitios are goiiorally obtained Several identities obtained m this 
manner have already boon published and a few more are given in 
tho present paper In pioving the identities given hero the following 
two theorems are of groat use . — 

{i} ‘If 1, a, «*, a*,...aio used as tho sucoossivo multipliers, tho 
first oloinont of fcho ordoi’ of diltoronoos obtained from tho series 

Uq, «ij «»i WsMMie 


5 ... (X) 

■ csO 

where ''S, dohofces the euin of the products of r Xaotors 1, a, a.*, a*... 
taken (U at a time/ 

•■S.isO, if « is negative or > r j 

= if ffl=:0.' 

(*') ■■■ 


* Obakrabartl, 0. ' Oq the Bvaluatiooof some Pactomblo OoniJnuantB. 
jmi Oal, Math Boo., Voh la, (1983 38), pp, 71 84 and Yol. 14. (1938 24), pp. 01 106, 
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where 


[j]_(a — l)(a — —1), tt— c 18 a poaitiTO 
integer ; 

i£ »=o ; 

C^]=sl, if n — 0 is a negative mtegex’j 

and [S]— Of i£ » la a positive integer and o is 0 or negative. 

1. Denote 

n and a ore both odd or even integers, 


atad 


, if C>«. 


Then 





* r 




i 

1 J/*S, .=(-)*, 

. (B) 


A 

r2/-l-2o-i 


and {tv) 

S (-)' 

asQ 

L 1 ,=(-)*. 

■ (4) 


Ffaof\ Let the left-sides of the above thooromS bo denoted 
reapeohvely by 0» and D*. 

Thojiitoaubeali(iwnby(l)thatO.^., IS the first dement of tho 
2« + 2tIi order of differences obtained from the series 


0, [>*-«]„ 0 ,,.. 

and the first two elements of the 2«+ltb order of diflerenees obtained 
from the same series are 


* r2ft + l~2»-| 

L 1 J ■*fS,.andD. 


respectively 


Therefore, 0*+i= ^ (-)* [ 1 

ereo ^ J 


"+'S,,-e>‘+>D, 


w(a» *+■ -1)0, by (8). 


(6) 



ON A FEW AIiQBBRAlO IDENTITIES 


3d 


Again fiom the sovies 

0, -[’?■]„ 0, 0, 0. 

similarly aa (5) wo arnvo at 

] 


D.+,= s {-)• L 

asO 


r2&+i-2!B 




={a*^+“-l)D*+a**+* Om, .l)y(2). 

Theroforo, by (5), wo have 

Dk+i=a**’*-*Ca^*+*-l)0*-(a^*+‘-a“*+“ + l)Dt. ... (6) 

Let ua iiow assume that Ibe theorems (3) anti (4) both hold good 
in the /fth case, thou it oan bo shown by (5) and (6) that they are 
also tiue in the /^4'Uh oaso, bub by trial wo find that they hold 
when /fissl Theroforo bhoy aro ostablished by induction. 


2 (t) “S.. ... (7) 

(ii) '‘■'>S.c=”S. + a" »SrM (8) 

These two theorems may bo easily proved by (2). 

If a=l, oaob of tlioso tlioorems rodaooa to 
Oon— ’'+‘Or = "Or-i + "0„ 


(in) 


s (-)" L 

cao 


r 27c+l-2ai 

I 




+*» 


]?ro(\f i5— 

By (7), tbo left-sido 


(9) 


= S (■ 

HBO 


■)- L 


ra/c+i- 


■2a 


i*g 


in 
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* r 2 / s + l — 2 tfl 

L 1 J «- 




•'S, 


L 1 J. 



r2A-l-.2.« 


<")• L 1 

• al > 

r 2 Hl- 2 aj 1 

')- L 1 

J. “■"S.. 

<>•1 

r2ii!~i_2» 


(-)’ L 1 


] 


•*Snr 


Ilonoo tho tliooi'om is pvovod. 
r 2;t+l-2,« ■] 

W.2(-)'L 1 J/*SM=(-)*"’(<i“-»'*+'-n>* + l) (10) 

JuBt as (9)^ the loft buIo is roduoiblo to 

8. 5 (-)• J'’S. 

«aO J • 

=0, [ 1 01- [ »-S+l ] [ 8--r + l (11) 

acoordin^ as 8 is <, =aor >r, 8 being the numhoi’ of faotoca in oftoh 
tern o£ tlio summation. 

Proo/ j— 

Jjeb US tako tho sorioa 

[,4«],[::J].[.i-;i,],[.5!.],,.. 
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nd obtain fi’om ifc, by aotiial oaloulafcion, the sucoQasivo ordei’s of 
iHofoncoa by using 1 , «, , a®,„.aB multipliera The fii’sfc olomonts 

r tlio first tliioe oidors of difforoncos, thus found, aro rospoobively 


[ 8 + 1 ](fl^™l)/"^ [«-S+l ][8il 

[n-7+1 

b'ocQoding thus wo can doduoQ the firpt elomont of tbo rtb order of 
lifCerenoGB, viz., 

[n!.S+l][8r-r+l 

vlnob is tiio righfc-Bide of (11 ) when S>»‘ but it equals , 


[ 1 or zero, 

oooi’dnig OR 8=or <?'. Bub tho lof+sido of (11)) isi by (1), tlio 
irst dlomont of tho rth orclor of ^dilloroncos obtained from the eamo 
orios. So tho tboorom ia proved. 


4. s i-y 

»aO 


4r{*«-r-j) 


ra — /_,V 

1 ) [.!•;]■ 


( 12 ) 


Tho proof is aimilar to that of (11), tho loft-aide boing tUo first 
domont of the rtk order of difPoronoos obtained from tho aorios 


1111 
a»_l ’a"-»-l 

f 

jy using 1, a, a®, a",,, .us tlio sucoossivo multipliors* 
6. Let 


<!>- ^ ( 
< 5=0 




wboro 


I'l 




» X,' 


' u 


k^p and r^S, r, k, p and 8 bein|; all positive integers. 

6 
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1 Than, 


(t) <^=0, ifS<pj 


(mj ^=0, if S>p but <fc+3 } 

(iw) ^=[*]*+^Spa*<’'-*-*>, if s=;t+i • 

{v) </. = *S,[8-p + l ][^-^ ^][r-S+l]a^(^'®> if8>ft+l. 
Tlio theoiom faila if 8>j. 

P? oof i — 

Lot ua conaidop tho particular case wlien 
p=4, A-—? and rssl2 


Then 


^=’8, [ i3-s]r,->s,[ iliajR. +...-JS, [ elajE,, 


where 




H« = 

’S* 


+ *S.a* 


a* — 1 

— 1 

a» -1 ’ 

R.= 



^•S,-S,c* 

A.«| — 

a“— 1 

^ 0^-1 

^ a«-l 

E,= 

*B*a” 


. "S.^S.a' 


a“— 1 

a“-i 

a»-l 


Henca in the eoeffloient of — (g variea from 0 to 3) 

a 1 


= (-)' »S.+,*+'S. t (-) 

ff5=0 



l2-g-« 1 

13-ff-«-8j*S„by <2), (IS) 



ON A FEW ALaBBRAIO IDStlTlTIES 4^ 

Bufcby (11), 

«oo t- j 

or[ ... (U) 

according as 8 IB <,= 01 ’ >4. 

(») From (13), v/a gel tho cooffioionts ol 


as-l ’a?-l ’a“~l ’ 


and. ~ — each o£ which vanishes by (I4i) when S <'Jj, 

Therefore, «^=0i if 8=1, 2 01 * 3 

(u) If 8=4, from (13) and (14) wo have 

iji-y 


. 8 - 9 , 


Bufc by (12), 




(tu, iv, v) If 8>4, by (13) and (14), wo have 


,^= S (•-)’’S,+, a 


9»0 


13-5-8 ] 


X [ 8-3 ]«.<■>— S' 5i4z:x 

= [8-3]*S* ?^(-)’[jS-J-8 ]»S„by (2) >. (,J.5) 
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U 


But by (11), 


S ( 

Tsao 


Islg-S ]«S,=:0. [l] a>« oi’[l 3 -s] (16) 


according as the numbei.' of factors in each oerm of the summation, viz , 

c 

8—5 <,=:or >3 te.^os 8 <,=or >8, 

Hence 

^=0, if 8=5, 6 or 7 

The values of t^when 8=or >8 leadijy follow from CIS) and (Id) 

In the general oase we are first to write out Bo, B,, Bg, B^, R^, . 
Bji, R,.+ iB,, 4 .s and then fi*om pick up separately tho coofficionts of 

K 

1111 

a'-'-i'-l’a'-i'-i-l ’o'-*-*-! 

These ooqlBoienta will enable us to doduoo the coofiioiont of 
varies from 0 to A-— i?), whioh is 


aao 


r r-q-x 1 
Lr-g-«.-8+l J*S,+.*+'S, 





Then proceed 3 U 8 t as in tho partionlar ease given above 


» _ 


^ Bulb Oal.‘ Math. Soo.^Vol XXVII, Bo. 1 & 2:(1935) 
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On a Problem in ihk Stability oe a Ciuoular Vortex. 

BY 

Manohar Bay 
(Galcntta) 

1. Inlroduolion 1 — Lord Kolvin* ha*? oxaminod tlio quostion of 
abability of a oii’oular vorbox flui'i’oundod by an infinilo fluid moving 
motabioually, m iho oaso when Uio voHicily ih uniform and has shown 
that tliQ motion la slablo wlien’tho disturbance consists of a sysiom of 
corrugations travelling round the olromnCoronoa of the vorfcox In the 
present note flratly, it is pointed out that llio stability is uimiTootod for 
suoli distuvbaiioo oven when tho vorlicity is a function of the distance 
frbhi 'the cfliitro of the vortex Secondly, a modified pioblem is 
altompLod wlion the vortex surrounds a concontrio oylindrioal obataola 
whioh IS forced to exeouto smaU vibmlion, Tho quostion is wliobher 
such a configuration is possible or the system will break up, It is 
shown that if tho iiinor oyliiidor oxocutos small oiroular vibration the 
system bay be stable only when the vorlicity is iimCorm It has also 
been possible to oaloulalo the foroos nooossary to maintain tho vibration. 
Tho expressions rosomblo Blnsiun’s Xoroo compononts on a fixed 
cylinder in a uniform stream 'with oiroulation 

2, stability of a. circular voHgx mth non-rmforni voi tioity \— 

In tho first place, lob us suppose that tho space inside tho oirolo 
a, having the oontro as origin, is occupied by fluid having a 
vortioity which doponds on tho distanoo from the oontro, aud that 
this circular vortex is surrounded by ttaid moving mofcabionally. 
Then wo require the solution of the oquatioii 

V’'A=2£. ■■■ (I) 

whore ^ is a function of r only, 

*• fill W. ThoMBoii, “On tho Vibration of a Columnar Vertex, " Phil. Mag. 
JB) X,166 (1880). 
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In polar coordinates, (1) becomes 


i.e , 

* say 

0 

... (2) 

80 that 

,/,= -[p(a)_P(v)], 


where 

r 

f/0)dr=P(,). 

... (3) 

Now 

from (2) 



^ m)=a>)+>'/h 


and i£ «), 

be the angular yolooity of rofavtion at distance r 



rwr=f(»), 


so that 

2^-a.P=/'(r). 

... (4) 

Hence we assume, 


for r<a, 


and foi 

^==~[F(a)~F(r)] 

r>a, 

... (5) 


f=-B logi. (fl, 

The aseumpboes (B) and (6) give 6ho radial oemponent of velooity, 

0 

zero on both sides of the circle r=», and in order that tho, 

trtaBveree component may be oontmnone on ,=«, we must have 
frpm(5)(6)and(3), on r=a, 

f=nr)=m, ■ ' 


ue, Bszafifl). 


m 
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Thus th6 constant B in (6) is dotormined. 

Giving iho system a alight iraotational disturbance, we take, 


for r<a, 


i/» = — [P(a)— lJ’(«)] + 0^cos {s9—a-t)t 

(t 


... ( 8 ) 


and for r>£i, t/'sa— B log “ +0 ^ cos («0— o-i), ... (9) 


where s is integral and 0 very small. 

The above asaumptions (8) and (9) evidently mako the radial 
component of volooity,— continuous at tho boundary of the vortox, 
for which r=:a approximately. To oKamine the conbmiuty of tho 
transverse component of velocity, ^ , wo tako for tho oiiuatlon of 


tho boundary 


where a is very small, 

whore i is small. 

Thus we must have on (10), 


vsa+a cos (sd — cri), 

r=:a+^, 


( 10 ) 


».e., 


/(r) + 0s 2^008 (fld— (rG=^“0® ooa (ffd— o-i) , 
/(<»+i)+ ~ ooa(s0~<rt)^^ ) (sd—ai) 


or f(a) + ^'(a) + t,,+ ~ oos (sd— cr()=:5 — ^ ™ cos (fld—ffi) 

a a a* a 

or, using (7) and substituting for (t 
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Wa are sfcill left with tho dynamioal condition that tlio vortox-Iinos 
more with the fluid which roquireq that tho normal velocity of a 

particle on the boimtlary must be equal to that of tho houiidnry itself. 

rijiia condition ^ivos 

1 9'/' noi 
a; 1 30 r 31 do ’ "• 

whore i has tho value (10) 

Thus from (8) and (10), wo get 

ao-din sin {sO-ot) 

(t 

+ + — 008 (sO— crO] ^ sin (sO—tri), 

whonoe negleoting quadratic terras in o and 0, 



a 


+ F(a)~=^%/(£) 
a a a 


as, 



from (3) 

Tima from (7), (U) and (13), wo got, substituting for B and Cj, 



where la tho value of I on r=a 

IB tOfl bo the angular velocity on the rim r=q, 



(15) 

I 

a«) 
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Honoo tliG oii'oular vortex with a general law of vovtioity symmotrical 
with respect to r ia stable foi* tv oiroutaHy trayolUpg disturbance of 
iiTotational typo. 

If the vortioity bo uniform, ».o., 2f=oon8fcant=w, then (2) gives, 

“ I r, so that w„ 

lienee (16) gives 



This result is the same as that found by Lord Kelvin.* 

3 Vibration of a cironlar oylindor inaido a oireular vmtm •— 

Next lot us aiippoae tliat a oyUndripal body with oross-seotion r=: h 
(6<a) vibratos with volooity (d cos »<, U sm whore TJ is small, 
inside the oiroular vortex. 

''' IE Hff" ii 0 bo bho ooinpoitonti of velocity radially and transvovsoly 
at any point, duo to blio proionoo o£ the vorfcox only, p the prosaure, 
tho equations of motion aro 



-J-lf =^§7 

f , 1 

! ... (18) 

4 



whoi’o 


... (19) 

and 

It > 

M, (20) 


whioh satisfy tho equation of ooniinuifcy. 

If and p' bo tho oontidbutions due to tho vibration of tho 
inner oylindor, so that u'r, u'g and p' aro all small, they satisfy tho 
oquatib'hs, 

* H. Lamb, llydio^ynatblos, 0th Editlpn, 1082, p 281. ~ " 

7 
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(p+p') — (ttJ+tt8+2Myr + 2woM'0)-2C(«0+«'a), 

j7|fl(P+P'j= ^ +^|3(«?+»S+2«,tt',+2«0«'0) + 2S{t, 



neglecting the quadratic terms m w'„ u'g and assuming that thp 
vibration of the inner cylinder pi-oduees only an irrotational disturbance. 
Thus from (21) and ( 18 ), we get 


+1; <22) 

j ' ~p Tdf “~9f" ... (23) 

where it'^ss— 1 iw'gg if/ being the addition to ^ 


due to the vibration of the inner cylinder. 

But Ur =0 and Ug le a fanotion of r only, as seen form (5) and (6) 
so that we get the following equations, 


J Ip! - 9“^ a.^ 

p 0r d< 6r 




_,I 1 du', 

p r do dt 

Let as now assume, 


j_Uff du‘g 

r dO 


+ 2^u\. 


... (24) 


u'r==u\ COS (O-nt), «' 0 =«% Bin (0-Hi), p'^p" sin (0~~ni) 

where u"gt p" are fanotions of,r only. ' 

Then the equations (24) give 


+2C»\. 

p r r ' 


M. (26) 


l 
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Now ip' satisfies the equation 

.1 a.A'4.1^ _0 

er» Qr r* Q6* ' 


(26) 


so that putting \p'=zif/' sin {$ ~ni) wheto if/' is a function of i only, the 
equation for ip" is 


and 


d*ip"_.l diP" 

dr* dr r* ’ 

-._r 


Substituting those values of u", and u^o in (35) wo have 
p (k r dr d/r 


-^=-nr^ 


... (^ 7 ) 
... (28) 

... (25a} 
M. (256) 


Diifereutiatiug (256) with respoot to r and using (27) we find that 
the resulting equation is consistent with {25®) only when 


£f 

dr 


= 0 . 


i.e.s (^=: constant. 


(29) 


Thus the condition of conaiatonoy of (25) and (27) requires that 
the Tortioity should ho uniform. 


Then from (256), 

p or or 


... <30) 


Again, since u, is zero ''and is a fUnotion of V only, equations 
(18) give 



^2 




Tima the complete value of the preaauffl at any point is obtainoA 
by adding together (30) and (31) and is given by 


6?* 

whore jjo 18 some constant and ‘ ‘ . 

dr 

4f. Delc) yw’naijow of ^ and ’ 

Now tp IS the stream function due to the presonoe of the vortex 
o^ly and ^}, duo to the vibration of the inner cylinder, so that the 
complete stream*funotion is given by ' 

(83) 

^ Since ^ ia constant, let us assume,* 

for b<r<a, '/'=-«(o*-r*) + {Ar+ sin (0-nJ), ( 81 ) 

aCd for .rxr, _j<.. i„g . ; , . 

whef-e A| B and 0 oi’a small constants " i 

The boundary conditions to bo satisfied are, ^ " 

— A 1 9 «^ TT 

’ “ -U C08«( cos sin n# sin 0 =tl oos ( 36 ) 


r e 


on r 

1 

pnr=a,^ “-™ ^ la to be continuous, 
on r=a^+a sin (O^nt), whore a is small, 
is to be continuous, 

and -^=s— ^ 9^ 94^ 1 Qr 

.( " r 7Te ' 

at infinity the velooifcy is to be aero, which is evident from (3S), 

i.l*' ) *t, n 

* Lamb, EydrodyuamlcB, already mentioned 


.. (37) 

.. (38) 
.. ( 39 ) 
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The conditions '36) and (37) give 
A;>“ + B=:=-U6“, 

“ 1 0. 

From (38), using {4il), wo gob 

S.-' ' 

2ga= -2A, 


(40) 
... (41) 

... m 


and the condition (39), with tho help of (42), gives 

B 


an: 


(43) 


From (40), (41), (42) and (43», we got the following values for blie 
constants A, B, 0, namely. 


' 


A=- 




„_TJa*6»n 


(;&*•— n«* 


... ( 44 ) 


Substituting theso values of A, B, 0 wo gob the Btream*funotion ^ 
from the equations (34) and (35). Tins shows that tho original- 
oiroular vorbo’c will not break up but vibrato in unison with the oontral 
oylindor (wliioh is supposed to produce only irrotatioual disturbance) 
piovidod the vortioity is uniform , 


5 . Oalonlaiion of tho Bosiaianco ;• 


From tho solutions obtained above we oau calculate the resistance 
or the force necessary (up to the first order) to maintain the vibration' 
of the oylindor. 

For 6<r<a, i^=— r*), ^ =:^Ar+5 

BO that A “ sin {O'-nt}, . 



hence from (32), 

Z =:^— «*) + («) —^)) r A~? ^ sm (0-ni) 

p p Ji \ r*/ 

+2(:( Ar+5^8m(0-HO ... (45) 

If IT, and P, be the components of the rosisfcanoo experienced by 
the inner oylindrical body » =6, due to ita vibration, then 


«*ir 

(p),.o 4 eosd and F, = — / sinf? ... (46) 


Substituting for p from (45) and putting in the values of the 
constants A, B, 0, We get at once, 


F. =+,p [ ] 1 >UC 08 «(. 

, That IS, 

F,=:K^V., 


P 


i = -K„Y., J 


■where (V^, V,) is the velooity of the inner cylinder r=6 

and K=-rt> ri2zi)®i±H!i+2f 1, 

L ^6*— na* ^ J 


... (47) 


... (48) 


This result resembles the Blasius's expressions for the force- 
components on a fixed cylinder in a uniform circulatory stream. In 
particular when the angular velooity of the waves of disturbance 
relative to the rotating duid is zero, »e, «=s^, K=—2nb^tt which 
can be regarded as the strength of the portion of the vortex displaced 
by the cylinder. 

In conclusion, I want to express my gratefulness to Prof,. N. R. 
Sen for hia kind help in this work. 


Bull. Oal. Math, Soo , VoL XXVII, Nos 1 & 2 (1936). ^ 
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A Note on the Convex Oval ^ 

BY 

R 0. Bosr 
{Calcutta Vnivorsity) 

Introduotion. 

OmTospondmg to spooial properties of the ollipso it is often possible 
to find proportiofl of the olosod convex oval The ob] 00 t of the present 
paper is to invosiigato fcho proportios of the oval corresponding to the’ 
following pvoportvoa of the ollipao.— C) At a point 0 interior to the 
ellipse just ono ohord ia bisooted, unless 0 is the oentie of the ellipse 
when an infinite number of ohorcla is bisected. (2) If 0 is a point 
interior to tho elhpao, there exists jnst ono pair of pnralleltangontB 
equidistant from 0, nnloaa 0 is tho oontro of tho ollipso when an 
infinite number of auoh pairs oxist. 

Corroaponding to the property (1) I prove 

Theorom t A)< if 0 -is any point mlhtn a cloaed convex oval, then 
if a finite numhor of ohords is hieeoted at 0, this number must bo odd. 

Theorem (B). distinct chords arohmotod at the contio 
of mass of tho area of tho oval, 

Tho property (2) of tho ellipse may be looked upon as the dual of 
the property (1). In faot I prove ; 

Theorem (C). 'Iho mmher of ohords bisocted at anoint 0 within a 
closed convov oval is exactly equal to the nimlm of pairs of parallel 
tangents equidistant from 0. 

I’rom thia it followa at once with tho help of tho previous thooroma : 

Theorem (D)* If 0 is any point within a closed convex oval and if 
there ensts a fhile numhor of pairs of parallel tangents equidistant /rpw 
(), this number must ho odd, 
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ThGOrem (E). On an oml V there mo at loasi throe pairs of points, 
such that the tangents at each pan are parallel, and the distances of the 
tangents from the centra of mass of the area of the oval ate equal, 

Stoinep* has defined the ourvature centroid of an oval, as the centre 
of mass of the perimeter of the oval, if every point of the perimeter 
IS considered to have a density equal to the ourvature at the point. 
Hayaahi has proved that the property of the Theorem (E) holds also 
for the Qurvatiuo eentroidt 

From this it follows at once with the help ot Theorem (0) 

TllBorom (F). A.t least tlnee distinct (di&tds of a closed conveo oval V 
are bisected at the outvatare cenliiod of F. 

I, 

1. Let V bo oloaod convex oval, and 0 a point to the interior of 
the oval In oountin? the number of ohords of V bisected at a point 0 
■wtt, shall adopt tlie following convention :--Oonsidor a chord POQ of V 
pn-ssing througU 0 and turning about 0, P and Q dosonbuig thq 
pval. If as POQ passes through the particular position, PoOQo, the 
algebraic difference OP-OQ vanishes and changes sign, P(,OQa 
aoimts as a single chord bisected at 0, wlule if the algebraic difference 
op— OQ vamaliQs but does not change sign, PqOQo counts as 
^wo ohords bisooted at 0. This convention may bo analytically 
expressed m the following way If is the equation of Y with 

reference to 0 as the pole, and a suitably chosen line as the initial 
line, and if $ and 0+ir aie the veotoiial angles of P and Q then if the 
function f^O}~-f(e+w) vanishes and changes sign at S—Oq, the chord 
joining the points whose veotonal angles are and 0o + tt counts as 
n. single chord bisected at 0, while if the same function vauishos but 
does not change sign at $^ 0 ^, the chord under oonsidecation counts 
as two ohord-i bisected at 0 

2. We shall first prove the following Lemma 

Lemma If F(0) is a continnous periodic function of e with period 

having Ihe property ¥ $)+W^0+ir)^O, themf ¥{$) ^0 has only a 
finite number of roots tn a complete period, tt must vanish and change sign 
at an odd number of points tn ihe half period {0, W’^Q), . ^ 

( 1688 )^ Sramtopqgasohwarpmikte eb^ner Kmf>n Qrelh, J 21 

\ T. HayaBhi Rgnd, Giro. Motem. T, L (1928), 
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In tho firafc plaoo suppoSQ F(0) ih +iw Thon E'(7r) la —ye. 

LDfi 01 , 0a 0„ bo all tho points in (0, ir—0) nfc wliioli P(0) 

vanishoa and ohangos sign Wo liavo Lo prove that n is odd. In oaoli 

of fcho (w+i) intervals (0,0,), (0,, 0,) (0«_,,0J, (0 ,, -tt-O), 

F(0) mauitaina sign oxoopt that it may vanish at a fitnto number ol 
points within any interval Tho sign of F(0) in tho first interval 
(0,0,) is+eo, being the same as tho sign oC li’(0), while tho sign of 
lj’(0) in tho last interval (0,,7r— 0) is —uc being tho same as tho sign 
of ]?(7r) Now tho signs of ¥(0) in tho (»+l) mtorvala under consi 
deration are alternately positive and nogativo, thus tho sign in fcho 
last interval cannot bo negative unloas («+l) is ovoii,*or n is odd 

In ease Ij’(O) is —vo, ^(tr) will bo positive and a similar proof 
applies, 

Whon F{0)=!0, thon ainoo tho number of roots ofP(0)=O, has 
been supposed to bo finite wo can find a value a snob that F(a)= 5 fe 0 . 
Let l‘’,(0)'=:B'(0 + a) Then from what has boon provocl F,(0)=sO, has 
an odd number of roots in (0, ir— 0), so that F(0)=sO has an odd 
number of roots in (a, ir+a— 0)» But from the property F(0) 
+ ir(0+7r)=!O it follows that oovrospondmg to any root 7r + 0i of 
F(0)=O in fcho interval (a, tt+u— 0) tliero exists a root 0, in tho 
interval (0, a— 0; Oouaocxuontly F(0)=sO will also havo an odd 
number of roots in (0, tt— 0). 

Wo havo thus oomplotoly proved our Lomma. 

3. Theorom (A)- If 0 ta any point mthin a cloecd convoy ovalV, 
than if a fmto mmhor of ohoida is hisoded at 0, Hue nunibe) mtut 
ho odd. 

Lot r=/(0) bo the oc[uafcion of V with tho rospoot to 0 ns tho polo 
Then if a chord 0 Qo bisootod at 0, ono and only ono of its extre- 
mities (say Po) will have its vootonal angle 0o lying in fcho interval 
(0, IT— 0). Tho ohord, howovor, counts as a singlo oliord or a double 
chord aooording as Fi.0)B/(0)-/(0-|-7r) vaniahos at 0^ changing sign 
at the samo tiino or vanishos nfc 0^ without changing sign, Tho 
number of single chords of V bisootod at 0 is thus exactly equal to 
tho numbor of roots of in tho intorval (0, tt— 0) at whioh 

F(0) vanishos and ohangos sign. Now F(0) obviously satisfies the 
conditions of our Lemma. Oonsoquontly tho numbor of singlo chords 
bisGotod at 0 'is odd. Tho total numbor of ohorcla bisootod at 0, must 
thoroforo also bo odd, sinoo other chords bisootod at 0, count as two 

8 
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choids, and therefore do not matter, so far as evenness or oddness 
IS concerned, 

Corollary, -(f two cho)d8 ate hisected ai a ^oint 0 tuiiliin o closed 
conveui omlf there mist emst a tlvitd clmd which is liscctcd at the foint. 

4 Theorom (B). M least thee distinct choids at o bisected at llxo 
centre of mass of the area of an ooal 

Ijat 0 he the centre of mass of the area of tlio oval It follows 
fi’Qin Theorem (A), that there must exist at least a single chord PqOQo 
of Y, which 18 bisected at 0 and counts as a single chord bisooted at 0. 
Let r=:J{$) bo now the equation of V, referred to 0 as the pole and 
OPq as the initial line. Sotting as before P(dj=/(^)-./(0-|.7r) it 
follows that P(0)=0 wo shall first show that P(0) must vanish and 
change sign, at least at one interior point of the interval (0, tt) 

Now the distance of the 0. 0. of V from the initial lino is given by 

A/" 

0 

•whore A is the area of the oval. Since the 0 0 lies on the initial lino 

itself 

-iir 

J {/(^)}»sin£)d(l=0, 

0 

or by an easy transformation 

J [{ ain0d0=O ... (i) 
0 

How jf ^d)—fi6)~f{$^{’v) does not vanish and change sign at 
an inteiior point of the interval (0, tt), the integrand in (i) maintains 
an invariable sign m tho interior of the interval of integration. This, 
however, makes the equation (i) impossihle. Consequently there 
exipta ^ number O<0,<7r suoli that P(0} vanishes and ohangea 
Bignat^=sfl,, Prom onr Iienima then follows the oxiafconoe of a tim'd 

at which yanishes and ohangea 
sign. Ijot Pi, P, be points on V with vectorial angles and and 
Q,, the points of V with vectorial angles 7r+0i, n+$, Then tho 
three distinct chords PoOQo, P,OQi, P,Op, are bisected at 0, 



A NOTli ON THE OOMVBX OVATj 




II* 

1, Wo shall now cousidoi' Uio uumbor of pans of pavallol tangonts 
whose moinboL’s iii’o equidistant fiom u j>oiiil. O iiiLoiioi’ fco fcho oouvex 
oval V In counting tho iiuinbGr of such pans wo shall adopt a conven- 
tion similar to that adopted in counting tho iiumbor of chords bisected 
at 0 Lob t bo any tangent to V and t tho pavallol tangent Let L and 
M bo tho foet of tho porpendioulais fi*om O upon t and r. Let now t 
turn remaining tangential to V tf as i passes through a particular 
position ^ 0 * •'^10 algebraic diffei’onoo OL— OM vanishes and changes 
sign, ioTo counts as ono pair of parallel tangents equidistant from 0, 
while if OL— OM! vaniahos but does not ohango sign then counts 
as two pairs of parallel tangents oquidiatant from 0. 

2 Wo shall now prove the following thoorom 

Theovem (C) SVaa lumbar of chonh hisodod at a point 0 within a 
olosad convQO} oval V, %s oqiial to tho mtmbor of paiiB of paiallol tangonts 
oquidiatanl Jiom 0, 

Tho roflootioii of any point or lino in tho piano, in tho point 0, Wo 
shall denote by placing a dash on tho letter doiioting the point or the 
lino Thus P' douotos tho rotlootion of tho point P m 0, wliilo I' denotes 
tho rollootiou of tho lino t in 0. ITow os P dosonbos tlio oval V, P' 
dosoi’ibos auotbor oval V' which is tho rodootion of V in 0 If i is 
tlie tangent to V at P, 4' ia tho tangent at P' to V'. Now if POQ is 
a chord of V biaootod at 0, thon P' coinoidos with Q and Q' coinoulos 
with P, so that V' moots V at tho points P and Q, Whon POQ counts 
as a single oliord biaootod at 0, according to our oonvontion it is easy 
to 800 that V' oroasoH V at P and Q, wliilo if POQ oounta as two chorda 
bisootod at 0, ivocording to our oonvontion thon Y' touches V from 
within at ono of tho points and Q, while it touolios V from without 
at the other point. Thua if a common point of V and V' counts as a 
single intersoobion or a double iiitorsootion of V and V', aooording 
asVandV' cross at tho point, or touch without oiossing wo can 
assert that tho number of intorsootions of V and V' is exactly doublo 
tho number of chords of V bisooted at 0 In tho aamo way if a common 
tangent of V and V' counts as ono or two aooording aa its point Of 
contact with V la not, or is ooinoidont, with its point of oontaob with 
V', wo can assert that tho number of common tangonts of V and V' 
IS exactly doublo tho number of pairs of parallel tangents of V equidis- 
tant from 0. Bub as V and V' aro oloaod oonvox ovals, the number 
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of thoir uitoraeofcions exactly ec^ual to the numhor of tlieir common 
tangentp, Henco our thcorom follows 

3, From Theoiema ( \) and (B) we now doiivo — 

Theorem (D) If 0 is any point toithin a closed convex oial V and 
tf thejo exists a finitG numhet of pans of parallel tangents equidistant 
fiotn Oi then this numher mmt ho odd 

Theorem (E) On an Otai V thae aio at least Ihico pans of pointSf 
such that the tangents at each pan ai o parallel and the distances of ihe 
tangents from the centre of mass of the atoa of the oval aia equal, 

Uayashi lias shown that the pioporty of fcho Theorem (E) la trao 
also With respQot to the ourvatuie centroid of the oval,* Wo deduce 
at once 

Theorem (F) At least theo distinct chonls of a closed convo e oval V 
an bisociod at the cujvatufe contioidofY. 

In conolusion my thanks a.io duo to Pi-ofossar Dr S Mukhopndhyayn 
who suggested tho investigation to mo 


* T Hnyasbi. Lao oit 

Bull Oal Math Soc.Vol XXVll, l^os 1 & 2, (193S} 
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Flexure of Beams of certain Forms of Cross-sections 


BY 

S. Gnosn. 

AUliougli Uio iorsion problom l»a^ beon worked oni; for a largo 
number of oasos, tlio solution of tbo floxuro problem ib known for a 
comparatively fow boundaries only. As far as I am awaro, the only 
two known oases, whore elliptic boundarioa appear, aio (1) when tbo 
oross'Soobian eonsisls of an oUipso, and (2) when it oonsibts of two 
oonfooal olHpsoa In tho present paper, I have given tbo solution of 
the lloxuro problem for a beam whoso oross-seobion consists of (1) 
a somi*ollipao, bounded by its minor axis, and (2) an ellipse and 
two equal oonfooal liypoibolas Finally, tbo sooond of tbeso oases 
has beon roduood to tlio intorosting oaso of an olhptio boam, with 
two oraoks extending from tbo fooi to the boundary of tbo ollipso, 
along ita major axis 

Wo take tbo origin at tbo oontroid of tbo fixod ond of tbo beam, 
and tho lino of oontroids of tho cross soctions as tho axis of Ot wbioli 
wo oonaidor to bo horizontal. Tho axis of x is taken vertically down- 
wards and tbo axis of y horizontal Further, tbo axes of tu and y are 
assumed to bo parallel to tho principal axes of inertia at tho oontroids 
of tho oross-sootions. Tbo load W acts vortioally downwards and 
is applied at tbo oontroid of tho other ond of tbo beam. 

Omitting rigid body diBplooomonta, tbo displaoomonts are given by* 


+ -^o-(J-0)ry, 


( 1 ) 


* Lovo, *Tho MutliomaUoftl Tbooty of DlaBlioity' (dfcb od.), p. 804. 
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where I is the moment of nierfcia, of a cross scoiion about its principal 
axis paiallel to oy and E and o* denote Young’s modulus and Poisson’s 
ratio for tlio mateiial of the beam. 

<l> 18 tho torsion function fox* the section and x *3 O' function indepen- 
dent of e, which satisfies the equation 




at all points of a orosa section, and the condition 


... ( 2 ) 


If m, 0 being the du action cosmos of the outward drawn normal v 

* The twist 1 18 to be so adjusted that tho couple about tho axis of » 
Vanishes. 

The strained central line outs the strained cross-sections at the 
same angle ^ —fig, where *■ 




.M (4) 


( ^ 
\ 8 » 

section. 


representing the value of at the centroid of the orosa- 


Semi ethpiio Beam howided by the Minor Axis, with the 
Minor Axis horizontal 


The centroid of a oross-aoction lies on the major axis at a depth 

where a, 6 are the semi-aXes of the eUiptio 

boundary. 

Let 


x-\-'ka=6 oosh ^ cos ij, y=zo sinh i sin rj 


(5) 


* Love, loc ett,, p 839 
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The curves ^=conatanfc, are ollipaos with semi-axea o cosh 

0 Binh 

Th^ ourvoa ■>7=con8fcnnt, are oonfooal hyperbolas The curve 

, IS the positive lialf of the y— axis, and the curve t) = — - , la the 
2 2 

negative half of the y— axis 
Also 

0" Va./" 9' V 

V'af / V ay / 

(cosh 2^—008 2 y). ... ( 6 ) 

2 


Let the boundavioa bo and y=i Zt ao that 

as=o cosh a, h amli o. 

On ^’= 0 , wo havo 

|X =__E(^ + (2 + .)„y, 

whore ps= /tail. 

This rocluooa to 

con y+Oj cos 3i;+<J!j cos 2y, 

oc 

whore, 

ai=:(l + cr)Aa*&, 

6 ^ = — (^ -b ft* & — ^(t/c ® «■’ & — (-1 ” J(r)6'' 

d,r=z~lan 


On tlie minor axis, «)= — A.ft, wo havo 


Wv 0® 


ao that 


.. ( 7 ) 


... ( 8 ) 


( 9 ) 


( 


=— J(r/c*ft*-“(l— ■Jo')y“. 

9.0 


... ( 10 ) 
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If we assume 


X=Xo==-ft’ft"j+U-i<r)(*»-3a;y»), (11) 

Xo satisfies the equation (2), and also tlie condition {3)| on tho minor 
axis X— '“hd ^ Sut, on fchs boundai’y ^~a£ we have 


cos v+Ca coa 3i;+(Z, cos 2r}, 

where 

6a = CT— 

c?a =— (2— 

Henoo, to satisfy the boundary condition (8), wo tako 


( 12 ) 


(13) 


X=Xo+Xi. ... (14) 

where Xi o* solution of (2) and is suoh that on the boundaiy issa, 



=«, +(bi — 6 j) 008 ■>j+(Oj— Oa) cos 3 }; + (di— (Zg) cos 2 i; 


=aa f&a 008 cos cos 2 i;, 

where 

=aj = (1 + <T)ha'bf 

6s=6i— 6j=— (^+4<r)a*&, 

Ca=Ci-‘ea=(-i+»a’6, 

d j t=: (2 j — rJj = (1 — tr) Aa^ 6, 


(15) 


... (16; 


and on the houndaiiea 




(17) 


Also should be continuous when ^=0, 

of 

Expanding the right-hand side of (15), m Eourior’a senea of oosinea 
of multiples of 2ri, between - 1 and | , we have on the boundary ^=a, 




= i A.. 




COS 2ni}, 




(18) 
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The constant term in the oxpaaiBion is found to be zero and ^ 

* _ 4 (- 1 )" ^ 12 (- 1 )" ^ ^ nm 

where d=id^ when «=1 and ^=.0 for all other values of n, 

Assuming 

Xi=S Bjn cosh 2 m^ cos ... ( 20 ) 

nal 

we find that it aatiaflos all the conditions of tho problem, provided that 

2 nB j„ flinh 2 na=A,, ... ( 21 ) 

From symmetry, it is obvious that tho twist is zero. 

To find the obliquity of the strained central line to the oross-seotion, 
we observe that 


(HO, 


•h*aK 


When /cft<c wo have at tho centroid, ^= 0 , whore }(a=sc cos rjo 

and tlion 


(PXl) 

V dfl! A v 8 i? 17=1/0 


1 


0 am i/o > 


M 

2 2 nBsH sin 2ni7o. 


Therefore 


— 5 sm2«i7o 1, 

El L c sm i/o t J 


( 22 ) 


When Jca>0f wo have at the centroid, ^=fo> 17=0, where 
7 fa=o cosh ^0 and then 


(I? ).-('#) 


sinh $0 


S 2 nBj» sinh 2 nfo, 


Therefore 


= ^ r ?__‘S2»B,„ ainh2n^o 1' 

® El L 0 ^0 * J 


( 23 ) 


9 
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Beam of Mlliptic SediiQn\ioWh tiuo Symmetiioal Koyways whose 
BomAaiiea me Ooafocal Hypeiholas 

The major axis of the ellipse m taken to bo horizontal 
Let 

B=CBinh^cosi7, t^=«ioosb^sini?, ... (2df) 

so that 

/i’ \d$ J \dv ) 


c* 

=— (cosh 2 ^+cos 27 ;). ... (26) 

^ may have any value between —oo and +00, and ij may have any 
value between and ^=0 gives the ®-axis , i?=— the pnrfc 
of the j/-axifl between the leftfoous and -00 and J. the part o« 

a 

the y— axis between the right foous and 00 
Let the boundaries of a oross-seotion be 

^=±“, >?==±/5 

For an elhptia section of flemi axes a, ft, ^y^tb the 6— axis verfciaal, 
X 18 given by 


X~Xo = ' 


&»{2(l + <r)&» + an 


( 20 ) 


Since a=o cosh a, 6=c sinh a, we have 

Xo”®i ^ cos Binh 3^ oos 3i^, 

where 

oosha=— (^-|a-)a»-(^+«,r)ci6% ^ 

Let ns assume that 


X=Xo+Xi» 

where Xx is ^ solufcjpn of (2). 

Then we must have on the ellipse f=+a, 


|f’=o.v 


9xi 

af 


:0 


... ( 27 ) 
... ( 28 ) 

... ( 2 £)) 


.. (SO, 
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On the liyperbolaa, i;=^/3, 

0v 

Bab on tlio bypoibola, 

l=:—ho Bin /3 Binh wsaAo ooa cosh 

Mid 

and on bho hypoi’bola, ij=— /i, 

l=-/tc sm /3 Binli oos ft cosh 5 , 


9x 

0v or) 


Ilonoo on rii=/3» 


^ =a» ainh ^+b, amh 3 ^, 


and on 


ainh ^+69 siiih 3 f, 

Qi) 

■whoro 

ain«/3-(i + 5<r)o“ sm cos*/?, 
8 m“/?-C^+ J<r)o» sm^oos“^. 

When »;=/3, 

sink ^ Bin /3-3&i sinli sm 

0 »? 

and -whon 1 ?=—/?, 

9 Xo — 1 (« sinh ^ sill /?+36i sinli 3^ sin 3^. 

dv 

Tlioroforo, •wlion 

.^25=a8 sinb ^+65 sinh 3^, 

Qr) 

and whon »;=—/?, 

— .§L 2 L‘sa« sinh &o sinh 3f, 

0 TJ 


where . _ 

ag=:a»+ai sin^ 
6j5=&j + 3&\ sin^ 


.. ( 31 ) 

... ( 32 ) 

... ( 83 ) 

... ( 34 ) 

... ( 35 ) 

... ( 36 ) 

... ( 37 ) 

... ( 38 ) 
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Since when we expand in a Fourier 


8^ 

of Bines of odd multiples of 

2 a 

Hence when i}=^, 

Or] n«o 2 a 

and when ijas— /3, 

— Q.Xl.— I. A ( 2 « + l) 7 r^ 

^ j 

or] nao 2 a 


■’s series 


... (39) 

... (du) 


where 




8a cosh a 


.f ,.H 24a cosh 3a , 

^ (2tt+l)*,r^+4a^ o + f (2^)»7r‘'+36a“^“ 

Hence 

Xa= S B, cosh Bin , 


2a 


2a 


whore 


' ^ (2»+l)Tr »"+* 


.. (42) 


.. (48) 


From symmetry, it is obvious that the twidt is zero. 


To obtain the obliquity of the strained central lino to the strained 
orosB-seobions, we observe that 


and 


( \ ~ _ h*{2(l + tT)b*+a»] 

V 0 a /o 36*+a» ’ 

(|A. ) =( =1 5 (2«+l> 

\ 0m /o \ 9^ / c H=o 2o 


Therefore 

Sn=s 


HI L 36’+a’ 0 »=o '2a ®*”+‘ J ••• (ii) 

Pattog^=- , we get th» case oi the flexure „{ an elliptio beam, 

with two slits extending from the foe. to the ends of the majir axis. 


Bull. Oal. Math. Soe., Vol. XXVIf, No?, 1 & 2 (1936). , 
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A Tueorem on the Non-Euolidean Triangle 

BY 

B. 0. Bosb 

TIiq objeol. o£ Uiia short paper la to piovo an intorosting thoorom 
giving the rolalion hotwoon tho sidoa and altitudes of a Non«Buolidoan 
triangle and to deduce from it a synthetic proof of the Median Theorem. 


1 . 


Given a pair of segments y wo can obtain from them an anglo 
, y) in tho followiiig manner. Lot AOB bo a nght-anglo in whioh 
OA=as, OBssy Thon y) is tho anglo between the linos porpondi- 
oular to OA and OB at A and B rospeolivoly. If «, v be anoihor 
pair of sepmonts and tho anglo ^ («, v) obtained from them in a 
similar manner bo congruent to ^ (.v, y) the relation between tho two 
pairs of segments will bo denoted by writing 

tj) 

In Elliptio Geometry the angle between any two linos is always 
actual. In Ilyporboho Ooomotry thoro exist null and ideal angles 
also, A null angle is tho anglo between a pair of parallel lines. All 
null angles are oongtuoni, An ideal angle is an angle between two 
ultra parallel straight linos. Two idoal angles are to bo regarded 
as congruent if tho distance between tho arms of tho ono (measured 
along tho common porpondioular to the arms) is equal to tho distanoo 
between the arms of tbo otbor. 

It is clear from tho doflnilion of ^{ts, y) that if <^(«!, y)=<^(W| v) and 
»=sw then y!=i». Also y)=^(yi »)* 
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II 

We can now siato the following thoovom for the Elliptic or the 
Hyperbolic Geometry. 

Theorem. If g, i aio the altitudes of a triangle ABO couesponding 
to the sides o, 6 , c 

<^(a, p)=<l>(.h 3)=^(c,i) 

Let 1), E, F be the feet of tho porpondiculars from A, B, 0 to the 
opposite sides so that BO=rt, OA=it, AB=c, AD=jp, BB= 5 , 0F=? 
(sea Fig 1 ) 

Wo proceed in the first instance to piovo the theorem for tho case 
of the Elhptio Geometry 

Let tho poipendiottlais to BE and OF at B and 0 rospeotivoly 
meet in O^. Produce OjB to 0,, OjO to Oj making OiB=BOa, 
0,0 = 00, Drop 0|P,, OjQi, 0|T1, poipondionlais horn 0, to 
BO, OA and AB respectively (i=l, 2, 3) (see Fig. ii ). 

It follows from the congiuenoe of tho triangles 0,Q,0 and 0,^,0 
that OiQ, =0,Q, Again from tho oongiuenoo of tho quadulaterale 
0,BEQi and OaBEQ,, 0,Q,=iOsQ, Hence OgQB=OoQB and 
the line 0^0, must be bisected at the imd-point of Q,Q,. In tho 
aatne we show that 0 , 0 , must be bisected at the mid-poinfc of 

R,R., But the segments QjQ, and RbR, have only tho point A 
in common It is thus clear that 0,0, is bisected at A 

Again OjP, =08?, each being equal to 0,P,. Honoe the quadri- 
laterals 0,ADP, and OjADPj are congruent and the angle 0,AD 
is right Also PjD=PaD 

Thus OiOgOg 18 a triangle of which AD, BE and OU^ are riglifc- 
bisectors 

Now P,B=p 3 B and PjC=iiP,0 Therefore PiPa =9B0 or 

P,D=P8D=a. 


Henop by definition 

*#►(«) P)= Z A0,P8= Z AOaPa 
Rut it ia oaay to see that 

z AObP, + z AO.P, 
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whore X, /a, v are fche angles o£ tlio U'mngle OiOgOg, Thus 

By symmetry ^(6, q) and 0(o, ?) aro also each oq.ual to -KX+za+v) 
Thoreforo 

<^(a, p)=^(6, 0 

TFT 

In the case of tlio Tlyporbolio Q-oomoUy tlio porpondioulars to BH 
and OF at B and 0 respootivoly, may oifchor inlorsoct, ho parallel or 
bo ultra parallel and thus possess a common porpondicular In tho 
first case tho pi oof of tho piovioua paragraph is still valid. Suitablo 
modifloations of tho proof sufilco to oovor tho other two oases 

An ologanb proof applying to all possible cases can however be 
obtainorl, by using tho oorrespondouco botwoon rootangnlar hexagons 
on the liyporbolio Plano, onunciatod by tbo writer in a previous 
issue of this bulletin, x 

Denote the anglo OAB by 8 (aoo Fig i) Then rorrosponding 
to the right angled triangle ABB in wluoh tho bypotonuso AB=o, the 
side BlD=(jf and tho ZBAE=8 there exists a rectangular pentagon | 
XYZPQ 111 which XY=o, Y55=g', PQ=zd wboro q' is tho segment 
oomplomeiitaiy to </ and cZ is tho parallel distance corresponding to S. 
Simihu'ly coriGsponding to tho nght-anglod triangle AOB' there exists 
the lootaiigular pontagou tJVWQP m whicli yw=r', QP=:tZ 

whore / is tho soginont oomplomontary to ^ Putting togotlior tho 
two pentagons as in Fig iii wo obtain a rootangular hexagon 
XYZUVW for whioh XY=c, XJV=6, VW=r'. 

Oorrosponding to this wo must liavo a orossod rootangular lioxagon 
X'Y'Z'U'Y'W' (soo Sig IV ) for winoh XY'=&, Y'Z'=(/, U'Y'=:o, 
V'W'=r By doriintion each o£ tlio angles g) and f/»(o, ?) is given 
by tho angle botwoon tho linos Z'U' and ^Y'X' 

N B, The tlioorom proved abovo for tho Non Buolidoan Goomotrios 
romains trno for Buolidoan Goomotiy provided that by «/)(i,y)wo 

» R. 0 Iloflo, “Theory of AsHOCiolod PiguroBin Eypoiboho Geometry, “ Bull 
Oul Math 000 , Vol •^jx, 1028, Th III, p 118 

f S Mukhopadhyaya, “Qooinolncal mMstlgationa on tho ooiroapondoncoa 
between a right angled triangle, a throe-nghl angled quadiilatornl and n leotangnlai 
petagon in Hyporliolic Geomotiy,’’ Bull Onl, Math. 0oo , Vol. xiii, 1922 23, p 215. 
filao R. 0. Dose, lioo. oit., Th, II, p, 108. 
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understand in this ooso tho content* of the reotanglo wliose sides arc 
0 ) and y 

Tho following proof of the median thoorom then applio s to eaoli 
of tho throe standard geometries 


IV. 

Theorom. If D, U, l? he the mid-poinis of the sides BO, OA, AB 
0 / (t (u’ansfZo ABO, ilia hnes AD, BE, OE are co»c«)rflH^. 

Let BE and OF meet in 0. Join AO Draw BP, OQ perpendicular 
to AO, AS, OR perpendicular to BO and AT, BU perpendicular to 
00 (see Fig. v) Set 

AO = a, B0=6, 00=o. BP=1„ 0Q=:1, 

Aa=OB=:m, Bir=AT=». 

0(o, itt) from AAOB 

=0(0, m) from ABOO 

=0(a, ?,) from AOOA 

Hence = or AO posses through D 


* 0/ “Eoundatlona oE Gfeometry" by Hilbert BDgliah Trane by Townseml 
Second Edition, p. 68, 


Bull. Oal, Alath. Soc, Vol, XXVII, Nos. 1 & 2 (1935), 
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Note on the APPiiioATioN of thiijInbab oo-obdinates in 

SOME PROBLEMS OF ElASTIOITY AND IIYDRODYNAMIOS 

BY 

BrnnuTiBnusHAN Sun 
1. Intioduotion, 

In a provioua oommuinoation to this Bullotin,’^ it has boon shown 
that the use of U'ilinoav oo-ovdinatos simpliflos tbo solution of sovoial 
problems of olaatioity oonnootod with thin platos liaving oquilaioval 
triangles as bouuclarioa. In this note, two moro pvobloms aro solvocl, 
namely, tho pioblom of tho bonding of an oquilatoral triangular plato 
supportoci on JlonhU loams and that of tho oscillation of water in a 
basin having for its sootion an oquilatoral triangle 

For doflning tho trilinoav oo-ordinatos, wo take 0, tho inoontro 
of tho oquilatoral tnanglo ABO as tho origin and linos parallel and 
porpondioular to the sido BO as tho axoa of y and u rospootivoly, 

Lot (rt), y) ho tho oartoaian oo-ordinatos of a point P of whioli tho 
clistanooa from tho sidos OA, AB and BO aro rospootivoly p, and p^, 
Then if r bo tho radius of the insoribod oirolo and 2a tho length of 
each Bido, wo liavo 


, et y x/S 






* Vfdo Vol. 30, p. 06. 


(U) 


10 
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Hence 

Pi+P8+i»B=3» =OA/3=fc (say). (1 2) 

2, An eqmlatoml ti langular plate snpiwtcd onjlcmblo beams. 

Let Z bo tliQ distiibiitocl load per unit of area and D tlio floxural 
iigidity of tliQ plate Tlion the noimal displacement w satisfioa Ibo 
equation* 


V;w==~=Zo (say) 


C2,l} 


If the bounding linost 

;»a=0 andpgStO 

defliie the positions of the suppoifcing beams and the points A, B and 0 
the positions of tho vei'fcical columns to which the horizontal boains 
aie abbaobed, we have the following boundary conditions. 


When 

Pi 

=0, 

8w _ 

_ 9w 

+1 

dw , 1 

_ 




by 

9pi 

2 

bpa 2 

9Pb‘ 

when 

Pi 

=0, 

bio ^ 
0v 

_ dw 

bpi 


dv) ,X 

_| 

9pi 

when 

Pa 

=0, 

0«l _ 

_ 

+1 


0W „ 



dv 

9Pa 

2 

6pi 2 

bpt' 


and 


w=0 fit A, where j>,=p,=0 and Pa=A, 
10=0 at B, whole p,=pj=0 and pi=A, 
io=0 at 0, where pi= 3 >g =0 andp, = A 


( 2 . 3 ) 

'(2.3) 

(2.4) 

(2.5) 
( 2 . 0 ) 
(2.7) 


* “The Mathematical Theory of Elaeticity “ by A. B. H Lovo, 4lh Edition, 
lis 488. 

t Vide ‘'Rectangular plates on flexible beama’’ by B H. Bateman publiaheif 
in the Philosophical Mogaaine, aer 7, Vol 20, {1985), p. 607, 



SOME PHODLEMS of RMSTIOm AND IIYDnODYNAMIOS 
Tho equation (2 1) in terms of pj, and pj stands as 


n 


r 8^ 1 8^ . 8" _■ 9° -■ 6" .. 55 

L 021? 0pS 6jj^ QPiQpj 0pj6p« 02ij0?fl-l ^ 

Ab a solution of this equation let us write 

w=P(pt+2)j4-p‘) + Ql),paps+R(p?4-jjj + pj) + S, ... (29) 
wliGi’O Pi Q, R) S ave conatanba 

Then we find that the equation is antisfiod if 


P=| . ... (210) 

On the aide 2)^=0 

— 4 . 1 4 . ' 

api ■“ apa ' ap, 

= ”QP.lJfl + 2PC2j3+p») -I* R<P. +!>«)• 

Since on this houndniy 

P,+i)8=^ 

tlio ahoYO oxpi’ossion booomoa 
- Qp ill a + 

Honco it will bo koio if wo take 


Q==- 


(2.11) 

R=:- 

'"3r ' 

(3.12) 


As only tho syrameli'ioal Xnnotions of Pi, p^ and pj are involved 
in the expression for w given in (2 9), it is evident that the boundary 
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oonditions (2 3) and (24) ai’Q also satisfied for ihoso values of Q 
and R Again putting 


p,— 0, p3_0 and (29)i wo obtain the oondition (2 5) as 

P/c*+R&* +S=0, 

whence we get 


S= 


Zofc* 

72 


(2.13) 


For this value of S, the conditions (26) and (2 7) aro also satisfied 
Hence the required value of 


U's= 


72 


C(2)*+p*+pJ)-6tpip,P.~2/^‘(p!+pS+pS)+A>*]. (2.14) 


At the origin 


and thore the defiootion 


111 = 


Zr* 

§F’ 


(2.15) 


3 Oscillation of ioalor xn a hasin having an agtiilatoial triangle 
for xts section. 


For finding the free osoillation of a sheet of water bounded by 
vertical walls of height h, wo require the solution of tho equation * 


(v;+^*K=o, 


subject to the boundary condition 



... ( 8 . 1 ) 


... (3.2) 


where Sn denotes an element of the normal to the boundary, g denotos 
the elevation of the free surface above the undisturbed level, and 

— denotes the period of a normal mode of osoillation to b© 

Wgh 

determined. 


* bamb’sHydrodynamiCB, 4 th Bditisp, p 276 



SOME PROBLEMS OF EaS'HOlTX AND nXDRODYNAMIOS 
Tho equation (3 1) QxprobBecl in torms oE p^, Ps bocomog 


r 9” 4,^ +11- 1^ +\*le=0, (33) 

L 92^5 ai)|6l>a apidPa 02>.OPa J 


■wbilo the bounclaiy condition (3 2) la eqnivalont to 


1- 

+^1„ 


;=:0 whon Pi=0» 

.. (3 4,) 

Qffi 




a 

9pa 



whon p,=0, and 

... (3 5) 

.1™ 

Ill- 

+i|-> 

(;=0 whon po=0 

.. (8G) 

a^t 


1 0Pft ^ 



For a eimplo aymmotiioal raodo oE oBoillalion, lot ua aBsinno 

£=A.[oob?2^ + oosH!!H2i+cos!«P] ... (8 7) 

whoro m is an intogor and A„ a conatant 
Then 

\ r Bin ~ sin cos 1 

~ X ” L ft 


when ^1=0 atitIpa+Po~^' 

Similarly it can bo shown that tho othoi boundai-y conditions aro 
also satisfiod. 



The equation (3.8) is satisfied if 


47n.®7r* _ 
/c“ ~ 


(3 8) 


For different integral values of m, different values of periods nio 
obtained from the above relation When m=l, wo havo the longest 
period 


27r 




2a bomg the length of either side 


Bui. Oal Math. Soo , Vol XXVII, Nos. 1 & 2 (1935). 
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Some Puopeutibs oi? the Convex Oval with 

HlUFI'mENOB TO ITS PERIMETER OeNTROID 
BY 

B 0. Bosk and S N. Roy 
(Oalcutta Umvorsity ) 


1. Inttodnchon 

Stoinov^ has dofmod Uio ourwaiwro of an oval as iho contro 

of mass of Uio povimoioi' of tho oval, when ovory point of iho poiimofcoi- 
IB ooiisidovod to havo a donsity equal to tho onrvatuve at that point 
Ilayaslu has invosLigatod tho propovtioe of a convex oval with refoioiico 
lo tho cmi’vatiu'o oontvoid. | Aiiothoi- important point oonnootod with 
tho oval 18 tho oontroid of tho poriinotor which wo call tho |ponwo^oJ' 
ooM^JOirf. Moiflfliiovhas Hhown that i/to forimolor oonbroiA of an oval 
of aoribtani bieaiUh cotucidos with its curvaimo canhoidil and ICuhota 

has proved tho ologant thoorom that //to iooMS o/ tho penmotor cenhoid 

for a system of paiallol ovals is a shaight Uno^ "Wo lioro deduce 
tho co-ordinatOH of tho porimotor controid, when tho tangential polar 

,♦ I. Btolnor . Vm dom KrnmnngosoliwcrpunUto obonor Kurvon Orollo .T 21 
(1888), 

f T niiyiiBlil { Rond. Giro. Mftlom. Palermo, t. L. (1020), pp 00 102 
t Moiaancr, TJber dlo Anwoiidung Von Fourier Roihon auf emiga anfgaben der 
Qcoincfciie und Eincmatilc, VlottoljftlirBchrRfc dor NaturforBobonden GoBBellscLaR 
m Zurich C-1 (1000) Also F Solillling, Dio Tbeorio u. Konstiuktion der Kutve 
Konstantor Drolto. ZeitBolirirt fur MiHi u« Piiyaik, 1014 

I T. Kubota . Ubor dm Schworponkte der oouvoxen goBobloseouen Kurvon uqd 
iPlaoben, Tohoku Math J„Vol. 14 (1018), pp 20-2?. 
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oquafcion’ of the oval ia aupposod to bo known, and uao fchia rosulfc 
to obtain a now proof of tlio tliooroms of Meissner and Kubota. Wo 
then go on to obtain properties of the convo'^ oval with roferenco to 
tho perimetor oentroid, whioh me analogous to the proportion with 
roferonco to tho curvature controid stndiod by Hayashi. Wo thus 
provo : — 

(«) If p donoto tJio length of tho pcrpondtonlai on tho tangent, from 
tho pel motor centf Old, and r denotes tho ladius vootoi to tho point of 
contact then tahoa the vahio U=' at least fonj times, lohete H 

ta tho radius of a circle, whose mca is oqml to the sum of tho auaa of 
tho oval and its pedal with respoot to its perimetor contioid, 

(b) If n denote ike nmihei of normals which can ho ch-aion fiom 
the porimeier centroid to the oval, mid m denote tho numhei of points for 
which p = 3p, p being the Qaditis of omuaimo and p tho porpondioiilm- fiom 
tho poiimoiei oonhoid to fio tangent, thon 

3. Oo-ordinatoB of tho poHmoior eontmd whon tho tangential polar 
equation of tho oval in given 

If the positive tangent at any point (a), y) of the oval, maJess an 
angle i/', with the positive direotion of the axis of ,i, and if p denotes 
tho length of the perpondioular drawn from the origin to the tangent, 
thon the equation of the tangent can bo yritton as 


at sin ip—y cos ij/r^p 


X 008 {jz-^y Bintp=: 


dp 

dtj/ 


Henoo 


x=p am iff+dOB \j/ 


dp 

dtp 


( 1 ) 


y=i -p cos ^4 sin 


If the tangential polar equation p=/(^) of the oval is known, 
the relations (1) and (2) give the Cartesian po ordinates of any point 
on the oval - * 
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If p clonotos tho radiua of ourvaturo at any point of the oval and 
daahos denote dilfoi’ontiationa with rospoot to p, we know that 

p-p+p*’ ... (3) 

Now lot .«Q, yo 1^0 Oartoaian co-onlinatoa ot tho ponmetor 
oonti'oid and lot Lg bo tho povimotor of tho oval, ao that 

-STT 

ijo=y p# ... (4)) 

0 

-STT 

Loro = / (eds 



from (1) and (8) 


/ srr A»ir 

pp' cos I p'p" ooa i/'tZi/' ••t (B) 

0 0 

Tlio Boooiid, third and fourth of thoao intograla oan bo ovaluatod 
by integration by parts and ndtioing that tho parta outaido tho aign 
of integration always vaniali bobwoon tho limita 0 to Ztt, Thus 


.*7r 

1 p'-^' coa 

r*’*’ 

I p'* sin 

.M (6) 

J 

0 

0 


M%Tt 

A#ir 


1 pp' 009 = 

1 p* ain ^(hlf 

(7) 


0 0 


.97r A 

I pp" ain \f/d\f/=i—j p*{p coa am 
0 

= — J p'* Bin J p* ain ... (8)^ 


11 
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SilbBtifcating fr6in (6)| (7) arid (8) in (5) w6 have 

,^= ^ r am^# - (9) 

Ijikewise we can alio\y that 
1 

= f (p'-ip'‘) cos .. ( 10 ) 

•o 

8. Perimeter eenhoid for an oval of constant breadth 
For an oval of constant bieadth we have the telaMon 

p(^)+J)(^ + ir)=6, (It) 

where b la the bieadth 

• ■ p\^)+p'(ff'+v)=0 

i'rom this ifc follows at once that 

J p'* Bin ... (12) 

0 

.«ir 

^ J p'* cos i/'d^isO. . (18) 

0 

’ 1 /**”■ 

i>'o='Y~ / p* Bin . from (9) and (12) 

bo 

1 

1 {p* — (l>— p)*} sin i/rrii/r from (11) 

- r’" Ml 26* 

= t : j p ™ 


Bat from Barhier’e theorem * Lzzvb 

■ • ®o“- / pBint^d^— 

y TT 


... ( 14 ) 


E Barbiet InimTllIe’a Journal 6 (1860), pp 273.86, 


tllOPBRTIBS 01^ THli CONVEX oVAL WITH PEUIMETER OBNa'ROID S3 
Likowiso 


2 

/ poos^dif/, .. (15) 

TT J 
0 

Blit if (7, y) aio tho co-ord mates of tho ourvEifciiro centroid of any 
oval 



1 1 

H=_jL / y |d«=-._ / pcoB\{/d\f/ ... (17) 

27r ./ p IT ./ 

0 ' 0 


When however the oval is of constant breadth, using tho relation 
(il) wo at 01100 have 


ffl=s? f p am ... ( 18 ) 

IT J ir 

0 

«=3 — ~ r p COB ^(hlf (19) 

IT J 
0 

Oompanng the results (Us (15), (18), (ID) wo see at onoo that 

For an oval of constant hreatUh t/w pprimator centroid coinftidos toith tho 
cwvaturo controid 

‘h Locus of tho porimelor centroid for a soiies of equidistant owais. 

If )J=/(^) 18 tko tangential polar equation pf any oval, then wo 
can construct an equidistant oval by cutting oJP a distance e along all 
outward normals and joining the points so obtained If wo vary e we 
gat a series of equidistant ovals with equation p + e=/Ci/') We shall 
take the curvature centroid of tho original oval as our origin. It is 
easy to see that this will roinain the ourvatmo centroid of tho whole 
senes. With origin so ohosen 



Si 


ll. 0. faoSB AND S N, ROt 


Lot Lj denote the porimetor and X( , the co*ordinatoB o£ the 
perimeter centroid, of tlio oval of the serioB which is at a distance < 
fropi the original oval We then have from (9) and (20) 


0 

air 

{ Bin 

... (21) 

Similarly 


(22) 


yflxf= yo fxo =con8fc. 

... (23) 

Also 

= (xl + yl). 

^ (24) 


We can thus state •— 


a aeries of eqvidistant ovals, the locus of the porimeto) centroid ta 
a atrazght lino passing through the ourvaturo centi end, which romains fi i ed, 
while the distance hatweon the two conlroida vanes inversely as the periwotor 
of the oval. 


5. Properties of the convejo oval, with refetonce to its perimeter centzoid, 

Hayashi ha^ sliown in the paper referred to in the intioduption, 
that in virtue of Blaaohke'a meohanical proof of the four oyolio point 
theorem or from certain theorems of Hurwitz on Fourier soiies, 
it follows immediately that if /(i/f) be a one-valued continuous periodic 
function with period 2ir, satisfying the relations 


r*'^ .. /••n’ 

J sin ihd\ff=0, I f{^) cos i^#=Q ... (25) 

o o 

then /(i/^) has at least four extrema in the complete period, and takes 
on its mean value 



( 26 ) 


at least four times 



of Tiiii convex ovai. With perimeter, centroid 8^ 

If vvo now iako iho ponmotor conti-oid of our oval as the origin, 
and Hob 


/('/') (27) 

wliui'o 9 iH Uio radiiie vector to tho point of contact, then the formulae 
(0) and (10) show at onoo that/ (i^) satisfies the relations (25) Hence 
/(^) ban four oxfcvoma in the ooraploto period But 

/'{,^) = (2p-/)p'=(3p-p)p' 

Tliua foi' an oxtromiim of/(^) Qithor p=3p or |)'=0, t e , the normal 
poBBOH tlirongh the origin. Hence 

// n (lanolca Iho nmibo} of normals which can be drawn from the 
2 )<>rimotcr cant} oidlo tho oval, and tf m denotes the nuntbor of points foj 
whioh p = 3p, tvhm p ia the porpondioula'i fiom tho penmetor centroid 
to Iho ictngont, then 

A{gain lot A bo tho area of the oval, and B the aroa of the pedal 
of tho oval with rospoot to its ponmotor oonfcroid. Then 

0 0 

1 I -ITT 

= 2-J r/ 

0 0 

=_j p’#+fc/ Mp-ri# 

0 , o 

1 1 

= r / ^’’^+^1 

0 0 

=:i(A + B). • (28) 

27r 

TluiR .V-i* takes tho value (A + B)77r at least four times We 
may ox proas thus by saying 



If p denotes the length of the pet pendiculai from the pel imeto eoniroid 
on the tangent and r denotes tJte radius vector to the point of contact, then 
tales the value R* at least four times, toherolX is the radius 
of a oirclo whose aiea IS equal to the sum of the a^eas of the oval, and 
its pedal loith respect to the preimeter eentiotd 
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Some Theorems on Geodesio Curvature and 
Geodesic Parallels 


BY 


V RANaAcnAmAR 

{Paina Vnivcratly) 

(OomTnunioa«.Q<l by fcbo Secretary ) 

1 In the Mathomabioal Ga*/ofclo, Vol. 13 (1026), Dr 0 E 
Woivthorbum provod some thooroms rogaid.ng tho Lmo o£ Stnotion 
o( h Jamily o! goodomoa, In thd Blvmo pnpor it Imu bBKn provod tlint 
“AoumdrawnoncvflurfaooBOM to onl n lam.ly of goodosioB and 
posBOBsmg any two of lUa following pvopsi'ties i-(a) « a goodosio 

(M ,t 18 tho lino of atviotion of tho family of goodoBioo (cl it oiitB tho 
family of goodosios nt a oonstant angle, also poBsosSos tho thiH 
Dl'onoi'ty ” tn tho prosont papor attempt has boon mado to oxtelid 
tho^ptoportiOB to a family of oui-vos cutting a family of 
parallels at a constant angle and also to derive some otlior thoOfomB 

believed to bo now. 

2 Lot a ahcl 6 bo unit iangonfca to two families of ourvos cutting 
at a constant angle a on a snrtaoo I'ho anil tangent T tn a family 
of ourvos cutting tbo family having a ter its unit tangent nt a oonslai.t 
angle 0 is givon^by 

1 


t cs-i- (u Hlli(rt- 

Slit a 


-0) + 6 Sin 0} 


The unit tangent to the ortbogntittl tra.Hwtory ia glvdn by 


:_L {P coaO—a cos (a-0)}. 

sin q 



V BANGAOHARTAR 


Now — div ? 


JL 

sin a 


{cos (a— 0) diva — oos 6 clivfi 


_ 1 

sin a 

_ 1 
am a 

And similarly 

divi E=J: 

am a 


+ (a sin (a~d)+ 6 sin 0) ^0] 
(cos (a— 0) diva— cos d diyfi" +T 

^Gos (a~fl) div a— coa 6 divb +^j 
(sin (a— d) diva+sin ddiv6+/'V0} 


(2 1 ) 

(2 2 ) 


If therefore the family having a for its unit tangent be a family of 
parallels, 

div assO 

and -d.v? =^^^|-ooafldiy5 +||, 

II 

The vanishing of any two of the quantities div ?, div 6 and requires 

the vanishing of the third Hence we have the theorem “A ourvo 
drawn on n surface so as to out a family of parallels and posseaaing 
two of the proportioa (a) it is a geodesic (6) it cuts the family of 
parallels at a constant angle (o) itia the line of stnotion of the oblique 
trajeotoriea to the family of patallols, also possesses the third property. 

Again from (2-2) it is evident that if div a=0 and ^?=0. div t and 

ds 

div b vanishes simultaneously Hence the theorem that “ The line of 
stnotion of two families of oblique trajeotories to a sot of geodesic 
parallels are identical ” 

3 Voss’s Theorem in Differential Geometry states that “ If the 
geodesic curvature of an orthogonal family of .curves on a surface 
be constant, the surface has a constant negative second curvature ” If 
however the geodesic curvature of two families of curves cutting one 
another at a constant angle be constant along each member of the 
oblique trajectory, the surface baa a negative second curvature but 
not necessarily constant. 



THEOBEJrS ON QEODB9IO SUlWATURE AND GEODE9IO rABALLELS 89 

Lob tho familiGS oE ourvoa cnttmpf at a combanfc angle a lio taken 
as the paiamotino cui’vo so that 

(h'^ =]iifZK^ +2 v'I'jG cos u(6uJ« + Grift>’ 

The goodosic cui’valuro of the family v=constaiit is given by 


whore 

and 


Bin a 





=: j2E( 


E + — 0, )coa a— E13a~ 

21T^\ \ 

a a/ E 


1 


G. cos a— KK, > 

2E0 8in*u 

1 VU 

3 


_■! 

nonce ‘ 


1 ( Oi ') 

- J — * cos a— — |- 

EG flin a ( Vi) n/I'’* ' 


2^/130 sin rt v ^(r vVt J 

Similarly iho goodosic it,, of tho family H=eonslanb iR given by 


_1 fOx J'i. 

130 sin a I VG Vli 


] a 

. -- — oosa 

sintt I 2GV1!J 


= L {v-yoosa}, -wlioro 

sin a 

y iml y' ulancl rospuotivoly fuv 

According to tho same notation 

/.,„{VCosa-y}^. 
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V. RANaAOHABTAR 


By the condition of the piviblom 

y'—y cos a=P sin a _ 

<ind y~y cos a— Q sin a 

wlieie P and Q <uo e’tohisiiely functions of « and v respootivoly 
Henco y=a+I_5?l? (,ndy= P + Qi21,“ 

sma sin a 



Therefoie, -2K= |q. — +p. -i- 1 J_ 

t 2 Ga/B 

{Q(Pcosa+Q) + P(Q cosa+P)} 

And hence the theorem 
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Eismahks on a Obutain Lbmma 

BY 

A N. Smon 

{Luohnow UnivBiaity.) 

In a previoua papor publishod in tins Biillotm (Vol XXVI, 
pp. 15 34), I gave two lemmas of wliioli the socond one is tho 

following 

If with each point of a sot OG in (a, b) thoie ts given one intotval A 
with that point as left end point, and with each point of the oomphmentai y 
eet G all inleivals ^ londing to oo (m length) with that point as left- 
end jyomt, then, piovidcd that G is a set of tkepst catogoiy m {a, b) 
there ousts a chain of A and^mUtvah yoaching from a to h, and snoh 

that 

while pis any aihitraiy small positive number 

II was pointed out (p iBj that tho otiaiii was not miKpio Movoovor, 
numboi’fl, of ilio socoiul olnsfi Imd to bo omployod in tho proof. Bocauso 
of tUoso two fuoLors inipUott faith could not ho put on tho above 
lomma and its corollanes, as my lomarks (on tho samo pago) would 
show I havo now boon able to consbmol a aunplo oxampio which 
io in oontradiotioi! with tho tvbovo lomma 

Oonsidor a non donao poi'foot sot Q- ot positive moasuro. 
To ovory point lying ina'fdo a oonliguotts uifeorvnl of 0- lot thoro bo 
aeaignod tho portion of tho contiguous lutoiwal which lios to tho right 
o£ that point Tims wo havo oesignod to each point of Oa ono uniquo 

interval A with that point as loft ond point. 

It IB now easy to seo that S A tho humof tho longths of the 

contiguous intervals of & Thus 

of tho set Q-. 


where m is the moaauro 



92 


A. N. SINGH 


J2e)?m9As,-— Tho above conti’adiction shows that wo cannot make 
uniestiicled use oE numbevs of the second class— ospooially tho notion of 
one ordinal being greater than another as doducocl from Cantor’s first 
principle of generation 
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IN MKMORIAM 
IDr GtANESH l^RASAD 
1876-1035 

{PiCHulcni, Calcidta Uathcmalical Society, 10S4 1035) 

I In Iflio sadden doaih, on 10, 1935, of lli’, Ganosh Pi’aaad, 

llardingQ Pi’ofoHsoi’ of fltglioi* MalhunnvttCH, CaloiiUa Umvorsity 
has lost ono of its most oiimionfc tonchois and tho Oaloutta Matlio 
matioal Sooioty its distinguishod loadoi Born on tlio 15th Novombor 
1870 at IBallia, Agra Provnicos, Dr Prasad gradiiatod with high 
lionoiira from Allahabad Umvorsity mid aftor takn^g his M A. from 
Oaloutta and Allahabad Umvoisitios, and his Doctorato in Scionoo at 
Allahabad Umvorgity ho piocoodod to Knglmid with a Qovornmont 
of India stipond iii 1899 llo road at Oambridgo with mon liko 
Hobson, li’orsyth and Larinor and at Gttttiiigoii with ICloin, TTilbort and 
Sommorfold Aftor comploting hvo years of study in JHuropo (1899- 
lOO'Ji) ho uamo back to his country of oiigin and took up tho poailion 
of a leotuior at Quqoii'b OoUogo, Bonarco llo had boon tomporarjly 
a leoturor at Allahabad Kayastha PaUishala and M\iir OoUogo boforo 
holeftfor Knglancl, and boforo lio was appointed to tho Harduigo 
Ohau* ho was Ghoso Profossor of Applied lIatliomatios> Calcutta 
TTmvorsity and Principal, Bonaros Hindu XTiuvgrsity H appeared 
that tho profession of toaohnig was highly congonial to him, and 
though ho took some part in tho x>olitioal life oi liis province for a 
brief spell, being oloctod to tho logislativo council of U Ih, ho gave 
tho public life a go-by at tho oarlioat opportunity and entorod his 
homely study as tho fit liabitation of a soliolar. A soholai’s life he 
led up to tho last moment when ho coliapsod while addressing an 
acadomio mooting at Agra. 
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DU. QANBSH :^ASAD 


A scholar’s life is never noli in adventures o\cept porliaps adven 
tures of intelloclual discovery. Dr, Ganosh Prasad has to his credit 
a full complement of important mathematical discovoi les 

2 Dr Ganesh Prasad’s Contributions to Mathematics 

Nature of hia work. Dr. Prasad was an analyst pure and simple. 
Arithmebiaation was his favourite method. Really he was Wiorstrass’s 
successor— although Klom’s pupil 

I Pirat important paper in Messenger of Mathematics (I90i), p. 8. 
On the potential of Ellipsoids of variable densities. Method of 
expansion in series adumbi'ating bis later works on Summation 
theorems and asymptotic expansions Starting from Maolaui’in Gxpan 
sion of 

/-.r, 0-y, h~z)dx(hjdz 



he derives Dyson’s foi'mula 




Lf -5L Jl 

The remarkable feature of tins method is that it furnishes an 
expansion of any algebraic integral functions in senes of spherical 
harmonics It is not necessary to know any thing about the singulari- 
ties of integrands because we aiooonooiued with integral functions. 
The method of getting round the improper behaviour of certain 
parameters is quite ingenious and it applies to the expansion in any 
funotion space of any numbei’ of dimensions Oayloy’s mistake coireotod 
incidentally. 

JI Next paper Constitution of matter and analytical theories of 
Heat This paper is now quoted as an authoritative solution of a 
difficult question in mathematical physios, Klein has pointed out 
that it is in this paper that a satisfactory solution of the physical 
problem has been given It is well known that stai ting from Eouriei* 
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down to Noumann, Boussinesque, Pomcai^, Ilouel and Lamd 

every mathomaliomn dealing with the problem of heat conduction 
has taken into consideration solnlioiis of the diilorential equation 
concernod in a smootlied out uniformly convorgont form. Dr Piasad 
has shown that if you start with integi’al expansion method then for 
ranges every whore douse or noii-deiiso you got a logically valid result 
So the real, discontinuous disiribution of matter may bo taken 
into account and the mathematical difHoullies oxpouonced by his 
prodeoeasors are removed 

III, Expansion of arbitrary functions in a series of aphonoal 
harmonics. 1912 (Math Ann ) This is a very important result 
quoted in Hobson’s I’ooout book. Tho process is simplicity itself 
Tlio process gives very important duos to some of the atomic 
phonomoiia Now it is common knowledge that in atomic phjsics 
wo can observe tho maorosoopio results of onorgy tiansforraation and 
can never ponotrato into tho microscopio phenomena whatovoi refined 
moLhocla wo may adopt Tho famojiis Tloisonbeig-uncorLainty formula 
has set a limit to causality But if you are allowed to take an 
arbitrary averago value you can expand ife into particular infinite 
asymptotic aeries of a given typo Tho typo may easily bo oboson 
to bo that of sphorioal hai'inonics. Iloro wo havo an indication of 
an important result lator discovorod by Dv. Prasad regarding non 
orthogonal functions which says that /Q»,Q,dT:^0, / | Q», 1 
whatever m and n may bo. Tins may servo to give an inlorprotation of 
tho tailing oil of band spoolau of alkali motals. 

IV. On tho failiu’o of bobosguo’s Oritorion, 

The smooihuig out process rooommondod by Lobosguo was improved 
by Pojdr But thovo was an ovorsiglil which was doLooted by Prasad 
and when oommunioated to Lobosguo himself, tlio latter owned his 
mistake, Ur Pias-vd has shown how tho behaviour of fundions 
with discontinuities of tho 2nd kind ahould bo controlled Later in 
1933 tho impoitant paper on a connootod topic was published, w.., 
on Lobosguo’fl integral moan-valuo for a funotion having a discoiitinuily 
of tho 2nd kind. 

V I shall oloso this aoooiint by mentioning an epoch-making 
paper published in Orollo’s Journal m 1029 on the difforentinbility 
of tho integrahfiiiiotion Tho logical aoumon of tho writer can only 
bo approoiatod by tho leading pure mathomatioians of our time, lb 
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DR GAKBSH PRASAD 


iiT. connoYion with roaearchos of this typo fcliafc PiingGlio^m and 
Tonolli accopted Pmsad as tliou peei’ 

Poi’liaps tho lasting contiibntiou to inatliomatics would havo boon 
the mammoth papor, aa I havo called it m another place, if only tho 
paper on expansion of an aibitiaiy function in iiifinibo zoios had been 
finished But the fates have willed it otherwise 


VI. 


List of woiks 


(a) Oiiginal 

Vainous papcis in 

Messenger of Mathematics 

Matliematisohe Annalon 

Rendioonti del oircolo matomatioo cli Palermo 

Pioceodings Bennies Mathematical Sooioty 

Bulletin of Caleufta Mathematical Sooioty 

Bulletin of Ameiicau Mathematical Sooioty 

Ciolle’s Journal 


On the function Q in the mean-value theoiom of the DilTorential 
Orticuliis (Commemoiatioii Volume of the Bulletin of tho Onloutta 
Mathematical Society, 1929j 

On the differentiability of the intogral-fuiiofcxon {Oiello’s Journal, 
Vol 160, 1929) 

On RoUe’s function as multiple-valued function (PiooQodinga of 
the Benares Mathematical Society, Vol. X, 1929), 

On the Zeros of Weiorstraas’s non differentiable function (Proo 
B M. S, Vol XI, 1980) 

On the nature of ^ in the mean-value theorem of the Bifferontial 
Calculus (Bulletin of the Ameiioan Mathematical Society Vol 
XXXVI, 1930) 


On the summation of infinite senes of Legendvp’s 
paper (Bulletin 0. M S , Vol, XXII, 1230) 


functions, first 
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On tho dotoi'mination q£ f{h) coriospondinpt to a given Rolle’s 
funotion 0{h) when it is mnltiplo valnocl (Proo , B M, S., Vol 
XII, 1931). 

On non*ortliogQnal systems of liogondro’a tunetions (Proc., B, M. S 
Vol. XII, 1931). 

On the summation of infiinto series of Legendre’s fniiotioiis, second 
paper (Bull. 0 M S , Vol XXIII, 1931) 

On Rollo’s funotion 0 in tho moan-value tlioorom foi tho ease of 
a nowhere diiferontiablo /'(i) M S.,Vol XXIIT, 1931) 

On tho difEerentiability of tho indofimto integral and ooitnin 
sumraability criteria (Address dolivoiod in 1032 to, tho Matlieniatioal 
and Physical Section of the Scionoo Oongioss) 

On Lobosguo’s integral moan value for a funotion having a discon 
tmuity of tho second kind (Proo , B M S , Vol, XIV, 1933), 

On Lobosguo’s absolute iiitogial iioan value for a funotion having 
a discontinuity of tho second kind (Spocial* Memorial Volnmo of tlio 
Toboku Mathematical Journal in bonoui of Prof lla> aslii, 1033) 

Hobson, Prosiilontial addioss on tho life and woik of tho lato 
Piof Hobson {Bull 0 M S, Vol XXV, 1933) 

(!)) Uidaotio 

Dijforontial Oaloulus 1909 
Integral Calculus 1910 

All inlroduotion to KlhpUo Ifunctions, cfeo 1928 
Spherical Ilarmonios, <feo , 2 parts 1930*32 

Six looturos on rocoiit rosoarohos about tho mean- 
value tbooroin of tlio iJiItoiontial Calculiia 
Six looturos on looont rosooroJios m tho thcorios of 
Pourior Sorios 1028. 


(o) nistorioal. 

1. Matliomatical Physios and DiiTorontial Bquations at 
tho beginning of tho 20Ui oontury 


18 
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2. Some great matlioraatioians of fcho I96h oontui^ (2 
volumos puTjliflhod) 

Dr, Prasad was a faeoinating toaolier On. students who took 
lus course ho left a laBtmg impression as a master of Ins subject and 
inspired in them his own deep love for mathematios.* 

S. 0, BAGOm. 


* 


* Tbe BubeliaQoe ol tins was deliTSted as a leolurd at a riiomorial meptiDg held in 
the hall of the Indiaa Assoeiation for the Cultivation of Science on tha 9bh April, lOSfSi 
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OOR.RBOTIONS 


On tho PoodiiGt of PamioUc Oyhndet Funehons, by Dr S. 0. Dbar, 
Vol. XXVI, pp. 57-64 

P. 59, lat hno from the top, pleaao lead S' /<»’ X 

P, 61, Obli lino from tho top, pleoao toad D,(X)D„(i«) 

for D*(ft))D„(a!). 

5fch lino from tUo bottom, ploaao road 

fot 0 - l.T» - 1 D H # I (\4 -)D m I (X- ‘■)T(JU(1T. 

2ncl lino from tbo bottom, ploaso toad “Miiraj loo. ci/.’* 

/o) “Ditto Ditto ” 

P, 62, 4tli lino from Lho top, ploaso toad D»(X) D„|(t) 
for D,(X)D„(«). 

lat lino from tbo bottom, plooso road P(-r,~wi; n~r+l ; - 
for F(—y,— w} n— r+i; -1). 

P, 63. 2nd lino from tho bottom^ ploaao toad Phil. Mag, 
for Phil. Map. 

1st lino from tho bottom,, ploaao road “ to bo pnblisliod soon." 
for " to bo pnblxshod by Sliastri 
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KUISIINAKUMART GANBSH PJIAfiAD PllIZB AND MEDAL 


(for 1038) 

'I'll© ('uimoil of tho CetlciiUa Mathematieal SotJiefcy invites “TheBis” 
ecnboflying tlie leaulfc of Original research or investigation in the 
following BubjHct, for the Knshnalnimari-Onnosli Prasinl Pri?ie and 
Oolcl Medal for the year I'Wd 

Lives and woika of tho ten famous Hindu MathoDauticians • 

(1) Aiyabhatta, (2) Varahamihii, (8) Bhaskaral, (4) Lalhv, 
(5) Riahmagupti, (d) Hudlur, (7) Mah.vhir, (8) SrtpAti, (0) Bliaskarn TI, 
(10) Naiayunn 

Tho last day of submitting tho thesis for tho present award is 
Olai March, 108H Throo cdjhos of the thesis (typo written) aro to 
be submitted 

The competition is open to all nntionaU of tho world without 
any distinction of race, caste or creed 

All <-ommunicut]ons aie to be sent to the Secretary, Calcutta 
Mathomivtical H icoety, d2. Upper Ciiculnr Road, Calcutta 




On the rate of Disappbauanoe of the Proper 
Motion of a Nebula agoordino to toe 
Expansion Theory 

BY 

N. B. Sem 


i. 

Tlio afcatisfcioal aliucly o£ molatocl nobiilao and oluHfcoi’s of nobulao, 
basod on tlio osUmation of fchoii’ distanoos fi*om tlio vovy probablo 
oxialonoo of an iippor limit to tlio absoUito Iiiinmosily of invoLvod stais 
aa well as of tho nobulao thomiolvos, ahown a voi*y good pi'oporbiomiUty 
botivoon bho disfciinuaa of blio nobulao and thoii’ uadml volooitiosi Rooonb 
obaoi'vations liavo fui'thoi* oonfinnotl this volooity distanoo volation * 
Tho sfcabistioal oxamination has boon oxfcoiidod, m addition to gi'oupa 
and olustoi'fl of nobulao to isolated nobulao, and tho I’oaults avo in good 
agi’oomonb with tho above I’olation. Tho aoattor round tho moan valuo 
is ordinarily reasonably small, but thoro aro oasos, when deviations 
oannob probably bo wholly aooonntod for by unoortaintios of tho dotor- 
minations of distanoos. Tho rosiduals, in many suoh oasos, according 
to Uiibblo and Ilumasou, should roprosonfc llio avorago poouhar motions 
of fclio individual nobulao and of fcbo groupSvt tn some oasos fclio 
daviafcvons from tho avorago valuo aro abnormally largo For instaiioo, 
tho sooond group of tho ton isolated nobulao sfcudiod by Hubble and 
Ilumason, wliioh has an avorago volooity of +li'lf20 km/aoo for an 
avorago distanoo of 4*2 megapavsooa, showa a disoropanoy of about 1000 
km/sGoJj Thoro is no doubt that much of thoso duviations from tho 

* B. Hubble and M HumaBoa, Tho volooity diatanoo lolntion for isolated 
flxtragalaollo nebuluD, Froo. Nat Acad So , 20, p SCd 
I Proc Nafc Acad. 8c., 16, pp. tOB?}), 
t AfltrophyB, J., 74, pp. 48 BO. 

14 



102 


N. n SBN 


average rogularity represented by the velooifcy-clisfcanoo relation is to 
be ascribed to tbo poonliar motions of tbe nebulae themselves. 

In the expanding model of tho Universe uTegulaiufcies, such as a 
velocity relative to the mean motion of local matior (which is given 
fixed co-ordinates) is known to deorenso giaduallyi so that all matter 
ultimately tends to come to I’est in the 00 ordinate system used, that 
IS relative to the average nebula. It is, however, doubtful if the rate 
of this decrease has been propoxdy approoiatod Tbo mathematical 
treatment is beset with great dilBoulty on account of our ignorance of 
the function E)(t), the “ ourvatura of space’* An attempt has boon 
made by extrapolation from existing data, firstly, to calculate certain 
limits within which this mta must ho , for instance an upper and a 
lower limit to the time m which a proper motion will bo decreased 
by a certain pei'contago and the corresponding disfcanoos have boon 
obtained The assumption at the basis of tbe numorioal calculations 
IB that R/R has the uniform value which is calcnlablo from existing 
observational data. Secondly, it is pointed out tbnt assuming tho 
Umverso started on its present career of expansion in tho finite post 
from some singular state, the appearance of a nebula with a dofinibo 
irregularity at a doSnito distance can suggest an upper limit to the 
time scale The study of the proper motions of tho nobulao, then, 
in a certain sense, will give an indioation of the maximum age of tho 
expanding Universe There, of course, remains an uncertainty regard- 
ing the present value of R(t) But tbe result dependis on the ratio 
R(t) /Ro wbioh, acooi’ding to all methods of calculation is very pi’obably 
a small figure, It is needless to emphasize that at the present stage, 
when speaking of the age of the expanding Universe wo mean the order 
of the numerical figure, not tbe exact number While other methods 
suggest an age near about 10® to 10'® years, the point of tbo pvesopt 
raethod is that in addition to retaining this order it suggests a figure 
as a probable maximum age 


2 

•t 

We shall first work out the formulae for determining the minimum 
age. The metrio field of the Universe is taken in tbe form * 


Rt 0. Tolman, Gel&tmiy, (hermodynamios & coamolegy, p. 070, 
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ds^ = - mnmr)+<U^ ... ( 1 ) 

[1+? VIHSJ* 

jro tho “ radius ” R(0 is given by 

. (2) 

iho expanding typo of the Univorao, (j{t) is n monotone vncroasiiig 
otion of t The fourth eq^uation for a geodosio in (1) gives on 
Ggration 

Cl)”-' = 

olo A. is a constant of intogintion Tho lutorprctation of A has 
in given by Toltnan t thus If a free particle has got a velocity u 
/boo relative to a looal observer having tho nioiin motion of mattoi 
hiB noighbouihood, then 


Ao-?(o 


«^/o* 

I-mVo* 


(4) 


iniwluohit uumodiatoly follows that ii will l>o dooroaaing with 
fie, ( 7(0 being monotone moroismg L'^or simplicity let ns oonaidor 
a ease of radial motion AVo have 





id on substitution of (3) 

1 (th\ „ ^ 


rom (2) and (4), since A is a positive quantity 
v/A . 

R-o VI— m“/c“ 


(5) 


(5'} 


(<3) 


+ l.o„ p 
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The Hiibatifcution oF tUn value and (4) m equation (5) gives ultimately 


~~ uz/j E-o 

whence integvatmg wo have 


( 7 ) 


+2Ro(tair>,y2B„ - tan-V„/2B^) = J ^tfo\ . (7a) 

For chatances of a few million pavseos to which observations are 
confined r<<Rj,, (7) and (7a) can be replaced by 



H- 

li 

.. (8) 

and 

±(.-,)=/w 1^2. 

... (8a) 


to 


Equation (8n) cannot be integrated further though it easily lends itself 
to further approximations. But we note that (8) and (8a; fue not 

immediately applicable to observational (lata, since and are not 

the times of observation at the origin They are times by obseivor’s 
clock when light left the nebula while occupying positions Vq and j- 
respectively The difference of these two times as peiceivod by the 
observer will not ho the same as that given by (8a) when regarded as 

an equation for C^— ^o) To got the observer’s interval we modify the 
calculation thus Galling f the time of arrival at the observer at the 
origin of light leaving the nebula at time wo have 

The ratio {dtidt'} is of the foim 

((U\_ B(i) 1 
Xdi'J Uif) (l+«r/c)’ 

wheie is the radml component of tho velooity of the nebula relative 
to local matter at rest in the oo ordinate system. Substitution of this 
in the previous equation and integration gives 
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J (l+’tr/c) l-itO 


(W 


(9) 


On LIio loCL hand mdo iho notation ig slightly altoi od, whono it moans 
fchedifforoncoorthooooidinatodistanoos ohsa}voil at tinios £\ and 
The right hand sido cannot ho intogratod rin-tliei- But sinco |it/ol m 
monotono docroasing and UC^') is monotone increasing wo havo ivhon 
the outward voloaity of the nobula is groafcor than the voloeity of 
expansion 




1+UyjO 


K 

r; 




whore Ur/o has boon replaced by a moan value mJo m tho interval 

i'o and t\, From this an upper limit to tho iiitorval oan bo obtninocl 
as follows : 




ijJ-’o 


{!+«,/«} 

Lto 


< 



Ivg 



(lOl 


Tho nogleot of u./o is ordinarily ;)Usl,iHablo as tlio volootty of proper 
motion IS, according to tlio existing obsorvat.ioiml material, small 
oomparod to tho velocity of light. 


If wo assume tho expansion started at a dofimto opooh and u to 
bo tho proper vclooity of a nobula at timo oocnpying tho co-ordmato 
position 7i, oquation (10) gives an upper limit to tho ago of expansion 
in tho oxporionco of an obsorvor at tho origin This equation m fact 
states, that oven if tm assume the nohula to have been pieeent at the ongin 
at tho tune whan tho oeyansion stalled and to have boon moving oukmnl in 
fliip cO'Oidma^o system since (hen, it ooiild not have a^iyeai ad at the co- 
ordinate fosikon r, in a timo {in the oti-penonce of tho ohsinvo)) groaior 
than that given by tho ugU-hand sido of (10). 

In applying this formula to tho oxisting observational raatorial 
wo havo to noto sovoral points First it has boon shown by Tolman * 


* I;.o.,pp 4C2CC. 
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that the CO oidinatG diatanoe » and fcho astronomically moasuvect 
distanoo A are related as follows i 


l+i'/dR* 

For cliabanGes of a few million parsecs so that the deno- 

minator on the left may ho leploood by unity Hones 


^ - > -s/l+f • 

Even up to 20 million pai'sees (dX/X) is less than 0*0 1 The oorroo- 
tion to <i will be less than 2 percent, wbioli far os^ceods the degree of 
aoonmey of observational data. It is thus roasoimhie to identify 7 
with d for such small distances. 

With this inteiprefcation of j as distance in an Euclidean space, it 
18 permissible to interpret the braobetod expression in ( 1 ) as square 
of the element of length do- in the same space. Though tlio Doppler 
shifts mentioned in the previous sections measure only the radial 
velocities, there la no reason bo believo that the pooulmi motions of the 
nebulae are all radial Equation ( 3 ) is applicable to all cases but equation 

( 5 ) in a general case can be modified by replacing di by dti, the ele- 
ment of path in the Euclidean space Tho corresponding obanges to be 
introduced in the formulae are a, m place of 7i-7o m (8n) and 
0-1 in place of in ( 10 ) For small lengths (Tj-o-o may bo 
identified with the chord loining the two points of the path, which is 
certainly less than io+’i and so less than 2 ), Thus we again get 
to the same formula (10), only theVpper limit on the right la doubled, 
to bo on tlie safe side The osistence of a cross-radial component 
m |7i/c| in the denominator of (10) will not affect the upper limit 
when in the calculations ti la replaced by the radial component. 

Secondly, in calculating « we should remember that the calculation 
of tho radial velocity la made just as if everything takes plaoo in 
ordiniM’y Euclidean space. Tbe Doppler effect, as measuied by the 
terreafcnal observer, is converted by % ordinary method into a 
veboity. We shall for the moment consider that relative to the 
terrestrial observer, the mean motion of matter m the neighbourhood 
of tho nebula la represented by the appropiiate velocity of recession 
at that distanoo according to the velooity-distance relation and the 
measured velocity of the nebula is ate velocity relative to the same 
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oljgei’vei' Tho difCeronoe of thoso two volooibios will givo u.^ As 
these velooifcios are small compared to light velocity, the diffoiaiioo 
18 taken in the ordinary manuor 

OnthenghtlmndBidoof (10), m an unceitam factor of 

which no definite mimonoal value is known. But in all probability, 
as auggeated by other methods of- oaloulation the value ot this latio 

does not exceed a doublQ-Hgurod mimbor near about ten and is oven 
suspected to bn only about 2 In the following oaloulatinns no numori- 
cal value has, however, been substituted for this ratio 

Tho following table shows the lesults of calculation according to 
formula (10) Tho nebulae have boon so selected that bhoro is in 
every ease a large disorapanoy between the observed velocity oorrospon- 
mg to the rod shift and the velocity oaloulatod from tlia photographic 
magnitude and tho velocity diatanoo relation so t,hat there is a large 
probability that tbis discrepanoy is mainly due to the proper motion 
of the nebula ratlior than to observational errors and wrong estimation 
of distances. IIoio photograplio magnitude, (/-= distance in 

10® parsecs, u= velocity in Imiseo doduoocl from observed rod shift, 
7=: velooity oaleulated from velooity distanoo relation, namely, 500 
Imfsoo per mogaparsoo, »s= “volooity of proper motion The last 
column tabulates tho value of 0 given by (18) as 


0 « 





“ JustiflcatioH for tins can bo easily obtained tliua • tf t, be tho time when 
liRlit loaves a nebula and t, tlio lima when il arrives on tho oaitli, v?q Imve tho relation 
(Tolman, R T C , p 890) 

(A + 5\)/A « + 

In this (Sx/A) may bo oonsidoreil as tho total rod shift, being the sum of (5A/A)« 
duo to cosmio expansion, and (8A/A),. due to tho proper motion of the nobuln Also 

^ „ i + (SA/A).. 

Itj 

In (A) tho liv»t faotor oti tho right may be roplaood by unity Wo Imvo then 
Hr/o {I.+ (SA/a),}{1s-(5A/a),)}-‘-1 
~ ■'(5a/a),-(8a/A), 

whore the suffix t roprosonts life total shift. The relative radial velocity is thus obtained 
by Bubtraobmg from the observed Doppler eftoot tho Doppler olloob of tho gonornl 
expansion according to the volooity 'distance relation, 
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sefcfiing an upper limit to the ago measured in terms of 


N G 0 


d 

in 10° 
parsecs 

V 

in 

hmfsee 

V 

in 

kmisec 

ii 

in 

Imfsec 

® 

1407 

11 5 

1 1 

+ 2000 

+ 615 

+ 1385 

0 8 10° years 

157 

11 2 

1 0 

+ 1800 

+ 660 

+ 1240 

08 -10° „ 

1084 

11 2 

1 Q 

+ 1450 

+ 560 

+ 890 

1*1 -10° „ 

5982 

12 7 

2 0 

+ 2900 

+1120 

+ 1780 

M -lO® 


17-5 

17-1 

+ 19000 

+9600 

+ 9400 

1 7 -10° „ 

5005 

10'6 

0 76 

+ 1030 

+ 425 

+ 605 

0 76-10° „ 

4151 

10 9 

0 87 

4- 1050 

+ 485 

+ 565 

1 6 -10° „ 

4649 

9 8 

0-52 

+ 1130 

+ 406 

+ 700 

0 7 -10° „ 

6703 

13 6 

3 0 

+ 2280 

+ 1680 

+ 600 

4 9 10° „ 

6661 

14 0 

3 6 

+ 41?'0 

+ 2020 

+ 2150 

1 6 10- „ 

6710 

15-0 

6 8 

f 5380 

+ 3250 I 

+ 2130 

2 6 -10° „ 


OonsKlering the fpoqiienfc ocourronoe of the vfiluo of ® near about 
1 10® WQ may taka the upper limit to the age of the TJnirerse to bo 

given by nbeut ?WJ_, ig, y,,,, be judged from the 


present data) 

3. Motion for the siiwph model p(^)= 2 A^. 

It has been stated that onr ignoranoo of the nature of the function 

E(() does nob allow UB to proooed further than (8). But to form an 

idea of the time>iid rate at which the proper motions tend to disappear 
we work out the case of the simphaed model 

for wlneli the ooeffleient of er^panaion jt/E equal to a oonetant 
h whose raUie caloulated Irom present day observations is 

5'7lxlO-*®(yrs)-i. 
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liiqufttion (5^) can be mtegratocl, romemboiing (11) m the form 

J -I- 1 f 

2KVA A/l + Ar^’^ 

Integrating snb'jtifcnLing from (4), whon :<<E„, 

±cr-»„) = - — r 1 -] 

IWA ^ v'l— «“/£■» J 

'Which on fiirfclior Hiib^titution from (0) loads to 


±(’ » 


„) = A I r 

11 1 k/c| L J l{{t) 


Usually u/o and 7i„/c aro both small, in such cages expressing 
*'« pct)3oca wo have 

±('.-'o) = 27x10* ... aS) 


Dliis formula onablos us to oalculato m torms of the ratio Ro/H{Oi the 
oo ordmato distaiioo )£— Jo tmvorgod by a nebula as its volooiby 
clooroasos from Uq to «, U is nooossavy to point out that ting oo- 
ordmato “ diHfcanoo " is really an intoiwal whogo ond-pomtg are oooupiod 
by the nobula at iire opoefts, so that )■,— is not tho actual 

ctistanoo oovoi’ccl by tho nobula Wo may imagine two hypothetical 
nobulao having no proper motion at tho points and The distance 
*n parsoos iii (13) is tho distanoo botwoon those two nebulae, 
say at tho Ui'«h opooli Tho formula (13) shows that tho moving 
nobula has juat overtaken tho hypothotical nobula at when the 
proper motion of tho moving nobula has fallon from itg to « Tho 
formula luvolvoH tho rather iiiconvoniont factor Ro/R(0. '>'nd gives 
a result only ni iormg of this ratio 

Formula (0) oan bo used for oatimating the Lime in which tho 
proper volooity of a nobula is roduood by a cortam per oout , since 
on tho riglit-linriid side A is a oonslant for tlio motion of a nebula 
i3ut tho mtoi'val in this oaso is given iu torms of tho ladu of tho 
Univorso at tho hwo opoohs. 

For tho p itr* tfioular model ff(f)^2kL wo oan form somo idea of the 
timo mtorval in whioh the dooroaao in proper volooity takes place by 

J6 
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integrating 7((i) Xf 0 o. ^ )< <Ro we have from (7a) 

= Tl (‘’-‘'”-0-“) ... (IS) 

where 1 « 1 < I I < I "o I • Combining tins equation with (12) 
which for 1 life [ <<1 can be written as 

we hare 

a I »«7 

wlionoo 

W, = llog(l+|»^), h<M<W. ... (16) 

This time interval is not that of the observer who has to take along 
with it a Dopploi efEoofc factor. But for onr purpose of a rough osfcimato 
o£ the tuno interval this is enough. 

The random proper motions of the nebulao have a lendenoy to bo 
gradually tegulariaed. Tho extreme slowness of the prooess of regula 
risation la shown by (IQ) For mstanoe, if wo take [ | =100 
km/seo, and ] « | = 99 km/seo, equation (16) shows that this 
diminutiou of 1 % of the velocity takes place in time (i— fo) — 0 - 2 X 10 *, 
years A. diminution of 10^ of the velocity will be brought about in 
time (^*— ^o) years where 

0 QaxlO® years <;— (o< 1 6x10® years. 

Applying formula (13) we find that in the first ease while \% of 
the velocity disappears, the nebula traverses a oo-ordinate distance 

?— >*0 = 1808 tto/B(i) pareoce, and in the latter ease, for a difnimttibii 

of the 10% of the velocity, r—^o t=!l9,0u0 Bo/R(i) parsecs nearly. 

These figures only point to the eiti'Cme slowness of the pt-ooess 
of iegulariaatioil mentioned ahovd arid show the riiirittte deviation 
from the classical law of inertia for lodal observers in the hew Scheliie 
of the expansion theory. 

Bull Oal Math. Soo., Tol. XXVJI, Nos. 3 & 4 (1935) 
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A NOTE ON Tni3 AREA CbNTROID OF A OEOSED CONVEK OVAO 

nv 

B G Dosii AND S N Boy 
(OalniUa) 

hihudnciion — Throo difforont kinds of controicl nvo comioctod wiMi 
a closed convex oval mivvo V The contfoid of l.ho pommotoi- whon 
to oftoli point wo associate a density o<iunI to tlio ourvatiuo at fclio 
point, is known as the cwuatuio conlioul* oi iha ovril Tlio centroid 
o£ the poi’iinotor when to each point wo nsaooiato a nnifona density 
may bo called the ponniotoi conhoid Tlio controid of iho area 
of the oval, on the assumption of uniform donsily, may bo oallocl 
tlio a?oa aontnod. Wliun wo coimidor a ayatom of ourvoa parallel to V, 
the oui'vatnvo contioid roinanm invaiiant, while according to a thooiom 
of Kubotal' the locus of tho ponmotor oontiold is a straighi. Imo 
Tlio object of tho prosont iioto is to study tho coriosponcling loous 
for the juoa controid Wo show that tho looua in quostion is a oonzo, 
tho coniploto rotation botwoou the oiiiwatiiro controid, and tho looi 
of tho other two oontroids heing given by tho following thooroin.- — 

For a syslom of cmuos ijaiallol lo a ctmvrx owti, tho cmoaitire coniioid 
IS n ficed point the locui^ of tho poumplot eenUoid t-. a etiaight lino 
passing though and tho locm of the <tioa rcnltotd is ii conio 
loudhing at (1^, If ho tho potimolot oonlioid and tho aica 
centipid of Iho snma cutvo oj the sysloni, then tho tangonttoX^ atG^i 
passes through Q\ 

Corresponding to Kubota’a thooroni, that if for any ono oval of tho 
aystom, tho poiiinotor controid coincides with tho ourvafciiro centroid 

* J. Steiner t Von dom KrUinmuDgBBohworpimkte obonor Kurvon Orollo J 
21 (1888). 

J- T KnboLa ‘ Ubor dio Sihworpimkledor oonvexou gosohloasonon Kurvon cud 
Flltcliou, Tohoku Math J. 14,(1918), SOS7, 
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.01, tl,o samo ,s t.™ tor ovmy oval of tho system, „„ ..o^v gol, ■ 
( 1 ) if Jo, any oval of Iho ■.gaom tiv thee cent, mils hr m a hue, then t!u;j 
ho on the Um fo, eveuj oml of the system, (2) if fo, any oval of the sysicn 
le thoe oentwtih cometthy they coincide foi coo,y oval oj the system 

Oonespoiuhng to oui fchoorom* that tov a fly^tBrn of parallel convex 
ovals, the distance hotwoon tho pe.imoter ami fclio uu-vatiu-o centroid 
vanes mvoiaely as tlm penmoter, wo now get fo^ a system of pamllcl 
conves: omls the ca of tfie ts langh fo, ,ned hy the th ee c ent, aids va, les 
inversely as the product of ike penmetei and the aiea 

Ifp. ancl p, bGth0maximamanatl.o lum.mimi racli. of oarvatura 
ol tho olooed oonvox oval V, then the pavalW onwo at a d.stanoo ft, 
(A being measured pos.bivol, along the ontsvard normal) vill be a,, 
ova only v-hon k does not he hetwoon -p. and -y. Lot X. bo 
that a.o of the nemo 5, („h.ol, „ the loons ot the area contro.ds o£ 
curves parallel to V), wh.oh corresponde to values of h not ly.ng 
e ween p aucl -p, f Both the curvature oontioid Gt„ ami tho 
area oen i-md G of V ho on S'. Wo prove that, if ff be 
on out least four no, male can le dmwnfiom & to V, (2) tJmaoieist 
at hast thee pa^,e of pmattel tangents to 7, sneh that the tangents 
balongmg to the same pa„ a,e equidistant f,om 0, (3) at least thoe ehonh 
y vmchsectedatff The properties (1) and (2) ,vero proved for 
tho enrvatnro oentro.d by Hayash, ,t vvl.ilo one of tho aiithora 
proved the property (3) for G, and the piope.tios (2) and (3) for O,, 
in a reaent note published in this bulletin § 


Oonoider a closed convex oval V Let (a, p) denote tho oo- 
orcUnatoB of any point on V, and let p denote the length of tho 
perpendmular form the origin on the positive tangent at (.ii, p', 
reokoiied positively when tho origin hes to the left of the tangent. 


a.lE otog Z plL ZJ 7' to V will bo 

as the area centre, da of thoLu^or 

area. ' conventions as to tho sign of tho 

Ms*m"pahr'”MX7~' ”'^o»™-erie. Bend Oirc. 

ovil. BiilleiieOsI Metli Soc , 87, SO OP 
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Lot, f bt) tliD aiiglo whioli tho positive tangent makes with the positive 
direction of fcho a-axis Then 


Thorofoi'o 


p =r 1 , sm tjf-'y co« ^ 

p' ~ X cos sin ^ 

\s = p sin oos Ip 

f/ = COM ip+p' sin \p 

svhoro daslioa denote difforontmtioii with roapoct to ^ 

Lot L clQuotQ the porimotor and A clonoto tho area of V If 
(A'ot yo)> (^1 * J/s) bo the CO 01 dinatos of tho curvature centroid and the 
porimotor ooiitroid lospectivoly, wo know that * 


(^) 

... (2) 
• (3) 

(4) 


1 

•’’o = ■* / 

0 

I 

2/0 = *“ - J /> cos \p(}f 
0 

. .air 

“ n y 0^'— »?>'*) «i» '/'# 

0 

2/i “ y* (p'-ip'*) cos i/fdi/f 
0 

rjot(c,,i/a) 1 >Q tho CO oikluiatos of tho ai'oa controid of V 

.1. 


(B) 

(6) 

( 7 ) 

(8) 


Now 


3 Am, 


J /Bpds 

0 

.air 

1 ap pilip 
0 

/ air 

(p*8in i^+pp'coa^)(p+p")£?i/', from (1) (9) 


*■ tr Kubota Loo etl , E 0, Bobo and 8. N. Roy . Loo. oit. 
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Now intogiafcing by parts and uotiouig that, the pait outsulo the 
integral sign vanishes in oaoh integiation, when taken botwoen the 
limits, wo linve 


/ air -air 

p*p"sin = — / p'(p*cos ^+2j)p'8in 

0 0 

/ air -sir 

P^Bin^dtJ/ — 2 / pp'*sin j/'fZi/f 

o o 

/ SIT -air 

p^p'aoB \pd\ff = p*8m 

0 0 

/ air - air 

pp'^"cos — — J- j p'*{- p sin ^+p' oos f)di{i 

Q 0 

/ iir .air 

pp‘^ am ijfdilr + p'*p''amip(l\j/, 

0 o 

Substituting from (10), (1 1) and (12) in (9) wo have 
1 

^ i {P*— 5p'*(p-/)} sin 

c 

Til bho sanio ivay wo bavo 
1 /•**■ 

Vi = j {P’*“V’(P-P'')} COS V'# 


( 10 ) 

( 11 ) 


(12) 


(IB) 


(14) 


11 

Let A(h) denote the men, and L(/i) the pei'imoter of the oval V* 
paiallel to V, at a distance A, & being reckoned positively along the 
outwaid normal Let Pj(/i), ya{h) bo the ar^a centroid and iv’i(?i), 
the ponmeter oonbroid of V» Then 

A(/t) = A+Ii/t+ir/i* } L(fc) = L+,2ir/i (35) 

Honoe from (13) we have 


/ air 

— p")} siu 

0 

— Ai8,+7iLi!i+irA*a'o, 

from. (13), (7) and (6), 
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Thoroforo i,(h) = 

A+Uf7r7i* 


Similarly yM = Ay, -hfeLy, 

A+ Ij/t +ir/i“ 


In the same way 


.,(/0 


TjP i +2ir/td„ 

Tj + %rh * 


(16) 


-(17) 


(18) 




—f 1 +2ir/tyft 

lj+2irA 


(19) 


From (18) and (19) it is ovidont that tlio loons of t»i(70. !/i(?i) i« 
fcho atinight lino Si joining (io,yo) (c.il/i)- 

lilliminating h from (10) and (17) and roplaonig Xi{h),y^i7t) by 
a, y wo find that tho loous of tho aroa coutinod is tho coino 


ttA 

1 ' y 1 

= Ji* 

.fl y 1 


‘ V 1 


I'o Vo 1 


'■o Vo 1 


*’i Vi 1 


f’a y, 1 


•'i Vi 1 


iK, y* 1 


Ifot us ilonoto this conio by S,. 


.. (20) 



Denoting by (3-o, Oji (^a 
lIiQ points (do, ya\ y,) 
and (ci, y,) rospBotively tho 
form of the equation (20) 
at oiiCQ shows that tho conio 
S, toiiohos the linos G^O, 
and QiGg at tho points 
■wlioro thoy aio out by tho 
lino QoGg, » , at thojpoints 
Go G-a respectively. (See 
riguro,) Wo can thus state 
thd following theorem ^ 
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TitnORRM. — Fo) a system of eisives parallel to a convoe oval, the 
cuivatwe ce7iiioid is a fkied point tho locus of the pei'i'inoter centroid 
ts a shaight lino passing thiough Qq and the locus of the ai ea cenh otd 
IS a conio Sa touching 5i at Qj,, If Q-j be tho poimetei' centioid and Q-j 
the ai ea ce^iti oid of the same eus I'c of the system, then the tangent to S 9 at 
G-j passes though Gj. 

Ill 


Adhering to our provioue nofcntion, and fuither denoting by A(7i) 
fclio area of the triangle foimedby the three centroids of V*, and by A 
tlie area of the triangle formed by tlie throe centroids of V, we have 
from (16), (17), (18) and (19) 


A(70 = I 


AiP, +ALjt Ljvf2^.i!{, 


A + L7*+7r7t* 


L + 2vh 


At/,+7tLyi + ir7i*yo L?/,+27r7M/n 

A+m+^JA^ ’ L+27r7i ’ 


1 


AL 

2(ri+2TA)(A+L7i+27r7(’') 

AAIi 

ACA)L(A) 


ail, (If, 

V» !/i» ^0 

1 . 1, 1 


Hence 


A{h) _ All 
A A(7*)L(7i)' 


... ( 21 ) 


We thus got the theorem ; — 

For a system of cnives parallel to a convex oval, the a?oa of the triangle 
formed by the three centroids varies inversely as tho piodnct of the penmetm 
and area 

Suppose that as a special case the three centroids of V coincide, i.e , 
®a=j’i= '■oi i/a=y»=J/o Then the formulae (16)— (19) show that 


«’a'70==«»(7t,=*ro(&), y.(&)=yi(70=yo(7O 


Hence, if the three centroids of the convex oval Y coincide, the same is the 
Ctase for the thee centroids of all carves parallel to V. 
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Next suppose that as a apooial oaso, tho three centroids of V lie 
on a lino (this inoludes the case when any two oontroida of V ooinoide). 
Let U8 choose this line as the axis of Then i/,=:f/j=t/o=0. From 
(17) and (19) y i(.h)=iy i(Ji)=:0 Henoe if three centroids of tho coiirex , 
oval V he on a straight lino, tho throe oontroids of any curve paralloi 
to V lie on the same straight line 

IV, 

ITayashi * has shown that Blasehko’s mechanical proof of tho four 
oyolio point thoorora is tantamount to tho following •— 

If a fitnction f(tfi) he one mined, continuotis and poriocliCf with period 
27r, and satisfy the condtiona 

-STT 

0 

then the function has at least tivo ma»ma and two minima in tho intoival 
(0, 2rr). 

Now if r=F(d) bo tlio polar equation of tho closed convex oval V, 
with its area controid Gj, chosen ns tho origin wo havo 

»*“n« = 0. (23) 

0 

Honoo9% and oonsoquontly r has at least two maxima and two 
mimnia in tho interval (0, 2flr) Itonoo from the area centroid G,, nt 
least four normals can bo drawn to tho oval V. 

Now oonsulor a ourvo V* parallel to V at a distance h from it If 
p^mdpiho the maximum and minimum radii of ourvaturo of V, 
then Va will be nn oval so long as h does not lio between —pi and —pj. 
Let S'a be that part of tlio oonio 2 which corresponds to values of h 
not lying botwooii — pi and — pj. As tho ourvaturo centroid Go 
corrosponds to the value 7i.=soo and tho area oontroid Gj of V| corres- 
ponds to tho value /i=0, both G, and lie on S'b from any 

point G of S'a which corresponds to n givon value of h, four normals 
can be drawn to Va. Sinoo those normals aro also normals to V, wo 
ace that from any point of S'#, at loftst four normals oan bo drawn to 
Y, Again according to a thoorora proved by ono of tbo authors,} we 

* T. Hfiyttsbl t Loo, oft 
\ R. 0. Bobo t Loo, oti, 

16 



OJ|n gej; pan’s of paraUol tangents to Va suoh that the tangents 
of pan’ are equidistant from Q- The con ^spending tangents 
j:o V al^o form pairs of paiallol tangents, equidistanji fiom Cl- But th^ 
nvif^hei. of pairs pf parallel tangents equidistant from G-, la also equ^j 
to jibe nupibor of chords hiseoted at G, according to another tlieprem 
in the paper referred to ]ust before Hence three ohovds of V arei 
bisected at G. Summing up ive have the following result . — 

If V 18 a closed convex oval, p■^ being the maximum and pa the 
minimum radius of curvature of V, and if h does not lie between — p, 
and —pa, then the curves parallel to V at a distance /i (7t being 
I’eokoned positively along the outward normal) are convex ovals The 
loouB of the area centroids of the system oi parallel ovals is a part 
ofaoomo The ourvatui’e oentioid Gq and the area oentioid Ga of V 
are points on this loons Calling tips loons tho oval V possesses 
the following properties m relation to any point G of S', 

(ft) At least four normals can be drawn from G to V 

' (h) *I?her© exist at least tbieo pans of parallel tangents to V 

snob that the tangents belonging to each pair are equidistant flora G 

, (o) At least throe chords of Y are biseotocl at G 


Bul^ Oal Math., §op , yol. XXVII, Nos 3 & 4 (1935), 
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On the four auNriioiDS of a oiiOsbd convex surface 

BY 

B 0 Bo3b anb S. N Roy 
{Qaloutta University,) 

I 

Introduotion. 

1, For a olosod oouvon. cuvvo thioo tlifteront IcindB of contvoids 
o\,i8b:--(l) The (jitrvatmo coHtioid, first invostigatod by Stoinor,'**^ (2) 
the ponmoto) oonttoid, (3) tltc a}oa cotUioid Many mloresbing proporfcias 
of lilio oonvox oarvo, with roforonoo to tho various controicls are known f 

In tho prosonb paper wo aUompt to investigato tho oorrospouding 
properties of tho oonbroids of a oloaod convex surface (supposed to 
be regular analytic). A beginning m this direction 1ms already boon 
made by Hayashi J and by Kubota, who showed that the locus of the 
surface centioid of a eystoin of surfaoos parallel to a olosod convex Biirfaco\ 
is a conic section, , 

* J Stdfnor i Von dom KrummungBachwotpuaUto obonor feuTvBa Orollo J. 21 
(1808). 

f T Knbotft I tibor dio Soliworpaakto dor cooTOXtm geRohloBaenen Kutven tind 
l^lttohoa. I'ohokuMatb J. H, (1018), 00 27. 

MoiBsnor i t)bor dio Anwendung von Foutlor—Eoibon auf oinigo Aafgabon 
6^1* (Scoinotria and Elnomatioi ViaitoIjolitBoluift dor Natnrroraobonden Goaselaobaft 
in Zurich 84, (1000) 

F. Sohilling . Dio Tliaono n. Konakraklion dor Kurvo konafcaator Broite, 
Zoltaoh'rdb fiir Math a. I’liyaik (ioll) 

'S Hayaabi { On Stoinor’s ourvatuio centroid. Sbloaeb Eoporta of IHij 
I'ohoka Irapeual Univoraity, 18 (1021), 100183. 

R. 0 Boaa and S. N. Roy • Some propotbloa of Ibo convex oval with refexence 
to its perimeter ooiitroid, Bull Cal. Math Boo,, 27, (1086) SO. ^ 

R. 0. Boso oud 8. N. Roy : A noto on the area cenlioid of a closed convex 
oval. Bulletin Gal. Math Boo , 27, (198(f) DN-lffi. 

t 8?. Hayashi s Loo, eit. } 'S. Kubota : Loo, <ut. 
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Corresponding to Steiner’s curvature oenfcroid, we can define two 
different kinds of oentTOida for tbe convex surface * If to every point 
of tho surface we associate a density equal to the Gaussian curvature 
lyRR', where B, E' are the two principal radii of curvature at the 
point, then the centroid of the surfooe so weighted, we call tho Qausaiaii 
curvatiirQ cmhoid Again if to every point of the surface we associate 
a density equal bo the mean curvature ^(1/R + l/B'), then the centroid 
of the surface so weighted, we call the mean cwmturo centioid 
surface. The centroid of the surface when to every point we ag.sooiato 
a uniform density, may be called the surface contioid. Similarly tho 
centroid of the enclosed volume (a uniform density being supposed 
to bo associated with each point), may he called the vohme 
centroid. 

2. Consider a regular analytic closed convex surface O Let II 
denote tho length of the perpendicular! from tho origin, on tlio tangonfc 
plane at any point P of 0 Wo can establish a (1, 1) ooirospondonco 
between the surface, and tho unit sphere, with tho centre at the origin, 
in tho sense that corresponding to the point P of tho suvfaco, wo 
take the point P' on the unit sphere, P' being tho point, where tho 
half-line through the origin parallel to tho outward noimaltotho 
surface at P. meets the unit sphere Let i/' and bo the latitude 
and longitude on tho unit sphoro, whore tho section by the .ly-plniio 
IS the equator and tho section by the ®«-plane is the meridian. To 
the point P' on the unit sphere wo now associate the scalar quantity 
IT, already defined. Any function of position on the unit sphere, and 
in particular H, can bo looked upon either as a function of ^ and </!> , 
or of o, jS, 7 , the direction cosmos of the line joining the point to tho 
centre. H may be called the tangential function (stutzfunUion) of tho 
surface. Grad H would mean a vector lying in the tangent plane to 
the unit sphere at P', with orosa meridianal and meridianal components 

' 8_H ^ 

cos 0^* 6^ 

It IB easily seen that grad H can also be regarded as a space vector 
with < 0 , y, z components 

” T. Bonnesen and W Pancbel . Tbeorie der Bonvexcn Korper, 68 

f If tbs origin be supposed to lie to bbe intenoi of the surface, then H la always 
positive Ik IB bowover poaaible to take the origin outside tbe surface, if suitable 
conventions of signs are adopted. ' 
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0'/' 


am ij/ COB 


0^ 


ain ^ 
008 ip 


8H 

0»/' 


am i/' am ^ + 


an 

00 


008 0 
coa ip 


8H 

00 


ooa 0 


(1.12) 


We may denote (aa is uaual) by d<t> tlio olomont o£ suvfaoo on tlio 
•unit aplioi'o, so tliat 

{2o)=:oos pdipdifi. (L2) 

3 If now 1 *“, 'J*', dio the vectots from tho ongtn to tJio 

Gaussian cuivatuio oentioidr nuian emoatiue eonl)oi(l, surface centroid 
and volume cenboid, lospoctivelyy wo show that 


= a 

\j Il^lddt 

- (1.3) 



... (1.4) 

So^*" = 

|{n‘*-uvn+l (grad 11. gml)VlJ}«(?<^ 

... (l.B) 


|{IP™2II*VH 

+ 11 (grad 11. gmd) vn++(vn)*}»t-dw 



+ i J {(grad JI. grad)Vll} gmd H tU. 

... (1.6) 


Eero tho inlogralions aro over tho wliolo unit aplioro, 7l is iho unit 
VBofcor normal to tho unit sphoro, anil V ifl DoUrami*8 first operator 
given by 

VII = grwl H* 


V4. JL-./'MV 

\ 00 / ^ 008*0 V 00 / 


(1.7) 


the dot signifying as usual tho scalar product. 
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i^2 

Again Mo denotes t%o integral of moan ouivatmo taken over tli6 
whole surface, So denotes the surface area, and Vo the vohimo onolosed 
by the surface It is known that 

Mo = yHdto ... (1.81) 

So=:y'(H*-^Vn)do) ' ... (l,82j 

and we show that 

~ (gi’ad II. grad)vn)}f;w ... (183) 

Substituting from the above in (I 3), (1 4), (1 5) and (1 6), Wo got 
formulae ea^pmsing r°y v't r'" pwoly %n, lQ}m8 of tho tangential func^ 
hon {BttihfunUion) H. 

Tke proof of the rasiiUa (1 S)— (1 6) and (183) mninly depends 
upon tho following interesting lesuU whioh may provo to bo of widoi 
apphoation, than the use made of it in the present paper 

If JJ t8 a function of position on the unit apliero^ hoing liotnogonooua 
in a, /3, y and of the nth degree in a, /3, y, then 



whore the iniogrations are tahen over the whole unit spheie, 

4 We next go on to study the geometrical properties of tho 
centroids. Corresponding to Meissner’s theorem,* that tho ourvaturo 
centroid, and the perimeter centroid of a convex curve of constant 
tfst-dth doinoide, we provo that the Gaussidn dndmean curvature centroids 


* Meissner Loc eit. 
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ofaoonvoasiirfaooof constant headth coinddo. Again show that 
tU Qamsian cmvatmo ccnboul oj a system of pa} allel convex surfaces is 

afiml pomt G-«, and the locus of iho tneau omvatitie oentioid is a straight 
line S'. Kubofca^^ has already shown that the locus of tlio sm face centroid 
IS a conic Wo show that i/ns co»to toiwrf'w 5' at G“. Again wo find 
that the locus of tho volumo cenboid is a sational spaoo cuhto osculating 
S" ,at G" h’lnally z’f Q*', G', O”, O'" 6o //to /oifi cents aids for any one 
of tho system of pa} allel surfaces, yto ^piovo ihab tho tangent at Oc" to X‘' 
passes through G', tho tangent at G'" to S'" passos tJnough G" whlo 
tho osculating piano to S'" at G"', coincides mth the piano G' G" G'". 
(Soo figure on pago 145.) 

* II. 


Opoi ational Odloulus 

1. Let a, fit y bo tho clirootion cosines of tho normal at any pomt 
P o£ tlio snrfaoo, thon a, /3, y avo also tho dirootion cosmos of tho lino 
OP', whoro 0 IS tho origin and P' is tho point on tlio unit sphoro 
ooiTosponding to P Ilonoo 


assooa <f> ooa i/', fi=Bm\<fi sin yasin tfr, 
whorp of oourao 

a* +/3* +y»asl. 


... ( 2 . 11 ) 
... (2.12) 

It has already boon noLod tlmt tho tangontial function (siiiUIunk- 
tion) It oan oithorbo regarded as a fuuotion of and or of o, y, 
Through tho help of (2 12) wo oan mako II, a homogonoons linear 
fanotion of a, fi, y Throughout this paper wo shall always oonsidor 
this to have boon dono Thou tho following Xormulao (2 21)— *(2.37) 
are known to hold. I 




,1— n 


.= 9?'=h. 

Sr ■ 


V (nw 


* Kubota Loo. otl 

I IQlasobke . Kroh and Eu^l, 198 Ul 


^ o 
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wliero partial clifforentiation "with respect to a, y is denoted by tbe 
suffixes 1, 2, 3 We shall use this notation throughout this paper* 
Also 

aH, +i3H, +vH,=U, 

ft 1 + * ‘h yH a £ = 0, 

aH J » +^Hj a +yHs s =0. 

If R, R' bo the principal radii of curvature of our siu’Eaco, at any 
point, then > 


R+W ~ -Hii +Ha a + IIs s 

... 1G2,31) 

= 2H+Aan, 

... (2.32) 

■where A| is the welllknown Beltramian second operator given by 

. = 9> 1 a* a 

. ' C0S*i^ 8<#»* ^ 6'/' 

... (2.33) 

'■ =s div gi'ud (in vector language). 

(2 34) 

RR' — Haanaa-Hj, 
a’ 

... (2 36) 


... (2 36) 

HijHsa — HJj. 

(2.37) 


y' 


2, Let U be any homogeneous function of a, /3, y of nth degreoi 
y?liere -m is zero or is a positive or negative integer, Then 
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ov from (2 1] ) 

® ^ ~ 8in ^ oo*? i^+ cos ^ cos 1/^+ ^ , 0, 


0</> 

0U 




6U 
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(2 43) 


8T - ’I' ^ '/'+ 1~ (2 «) 


and fioiu TOuler’a formula 


au 


au 


?tU = 'i-bd COB </i cos i/^+ ^8111 0 cos ^8in I/, ‘ ... (245) 


ea 


ap 


0y 


.Solving oiiuatiouH (2 43), (2 44), (2 45) for |F, ^ |2 we have, 

oa 0 (S oy 


au ^ _ Rin r/, au 

COfi 


au 


a a - cos a V. " * h' + ” ““ ^ ‘2 51) 

a 1/ = cos t SJ~ ''' af ^ ^ «■ (2 52) 

a n 

(-i 58) 


a U — 0 ? ^ +008 i/' ^ y +» 8in ^ U. 


0 Y 




8 ^ 


Thus if oporalos on n. homogoiioous funofcion of the ni7i degree 

a« 

in «, /3, y I'lion tho operational idontiLy 

-^-y. — ooH ^ sin + Jicos^cos^, (2 54) 


aa 


cos ^ a </> 


0^ 


and similarly for g-^ uiicl 

3 9 0 

II. IB tlms Boon that tho expression for m terms of 
couLaina inbogor «, Tlioroforo as operating on a homogeneoi^^ 

funofcion of iho nth dogroo nia, ^lYi when looked upon as hgiH^ iil) 
of and » oan ho oonvomonUy called — , and we can write 

0</) d'j' ^ 

17 
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s — — COS A sin +« 008 ^ oos (2 65) 

0a(,)t CQSfp 0 9 OY 


9 ^ cos -0 9 —sin tf> sin f s-r- +w sin tf) cos 

aft.) oobv- &<;■ ^ ^ df 

... (2 56) 

a A 

~P— a 0+C08 ^ +» Sin 

6y{«) 0*1' 

... (2.57) 

3. From (2 55), (2.56), (2 57) it is readily seen that 


ft 

-g = grad, +na, 

Q“<.) 

... (2 61) 

where grad,U ropvosonfcs the a»componont of the vootor grad U, 
and similarly 

I 

= grad,+n^, 

... (2,62) 

li ft 

•g — =3 grad,+«y. 
oy(-) 

... (2 63) 

fl^memboring that B. is of the first degree in a, /3, y 


H,” ® n “ grad, H + all, 

V«(J) 

... (2 6(t) 

H 3 = H = grad, H+^H, 

OP(j) 

’ , 1 

... (2.66) 

‘ t 

H,= 1 H = grad. H+yH. 

07(1) 

... (2 66) 

\ H*i + H3+H; =gradH gradH+H* 

j 1 


^ ' '' =« VH+H" 

Again c. ~ 

... (2 71) 

+H. = 

9 +na') 

Oa(o) / 


+two similar terms 
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(giacl*ll — +«agrad ,H + Ha~| — +nHa*) 
Cjtt(o> ocifo) 


“(□) 

+ two similai* torra3, 


Now by ISnlor’s tlieorom 


a S +/3 ® 


+ y 


6 


9®(o) 9/3(0) 9y(o) 


= 0 . 


vviiilo a gmd,IT + /3 gi-aclyll+y gra(l,II =* 0. 

/ 

as gracl II hoa in the tangonfc piano lo tlio sphoi’o. Henoe 



I — iir- + ® II. +«'H. ... (2.73) 

8a(«) Oy(n) 


4 All fcho luLograiiona in this papoi*, unlosa otliei’wieo stated, 
should bo undordtood to bo taken ovoi* tlio wholo oC tho nmt sphoro, 
Tlio double sign of intogration will always for sliorbnoss bo replaced 
by a single sign. Wo sliall now jirovo an important lemma 

Let U bo a function of position on the unitsplioro boing homogoneous 
in 0 , /S, y and of dogi’oo n Whon XJ is regarded as a funotioo of ^ 
and ^ wo flan roplaoo 




lloiioo 


ray 

Jda 


do) 


Udu 


" /“W.; 

J\ cosf 01 ^ ^ Q'p 

+ 7(TJ 008 ^ ooB ^ Qoa iffdepdf from (2.65) 


On integrating by parts, tho fiesfi portion with respect to the 
second portion with rospoob to and leaving tho third portion 
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iQ8 


unohangod, and noting that Rinoe the integration is over the whole 
of the unit sphere, the partially integrated parts vanish, wo have, 

I = J*(ooa 'c/> + cas ^ cos 2^+» cos (itco8*^)'UtZ0di/' 

= {n + 2)Jv cos <f» Goa*^diJ>d^ 

= (n+2jyaUrfto, from (2 11) 

We have thus shown that 

= t«+2)yaU.Z», j 




= (K+2)yQUrfoi. 

= (n-(-2)yyU(io. 


If we leplace U by VW, where V and W are homogeneous functions 
of a, /3, y of degrees m and n respectively wo got the formulae in a 
slightly different form 

Jv^dw == ~JyV <m + tt+2)yaVW£l.). 


yv = “ Jw + (m+n+2)y/3VWtia), 


(2 9) 


Jy^dw = -Jw |Xd(o + (m+n + 2)JyyWdw, 

The formulae (2 8) and (2 9) will be extremely useful to us and 
will be called tho fundamental formulae for integration by parts. 


Ill 

The Gaussian oui vaiwe coniroid 

If to every point P of our closed convex surface O, we asaooiato a 
density equal to the Q^aussian curvature, then we can define the centroid 
qf the .surface so weighted, to be the Qaussian cwvahm centroid of il 
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Lofc y°, 5 ® bo tho rootangulai' co-ordmatea of tbe Gaussian 
oui’vaburo confcroid, Thon 



wlioi’o fiS 18 bho olonioni of tho sui'faco, and the iiitegi'ation extends 
ovoi’ bliQ aui'faoo Sinoo 


this givoH ua 

= Jzdot 

1 

= fiom(2 21) 

J 6 y 

Tn formula (2 8), putting U=II wo have (since n=l) 



/ey 


ThoroCoio 

diffi!® = IiJ*yII(2w 

... (3 21) 

fillcOWlHO 

= 3yaIIc2w, 

... (3 22) 


47ry® = sJjSIIdo), 

... (3.23) 

irotioo if donotos 
contioiil 

tho vootorfiom tU origin to tho Qaussim ourvature 

' 


, ... '(3 3)_ 


lohero k tho unit motor not mol to tho unit spheie ovor which we are 
inlegialing. 
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IV 

The moan cmiattne centioid 

If to ovory point o£ om* oloaed convex sui’faoo O we nasooiate a 
donaity equal to tlio moan oui*vatnre 



ihon tliQ cenli’oid o£ the surface so weighted may be called the mean 
curvatwQ centioid of O 

Let as', y', 2 ' be the vQotangiilar co-ordinates of the mean oiirvatm G 
centroid. Then 

ThovofoL’O Mos'= (4 j 13) 

whore 

Substituting from {2 31) and (231) in (4.12) we have 

Mo8' = 

+ if ^ 

Applying the fundaraental formula (2.9) to the three integrals' 
in tlio above expression, and remembering that H,, Hg are of zero 
Negroes ih a, j8, y we have 

HiHigtZw + JaH^ngdo) - 



l-OTJR CENTROIDS OF A ULOS19D CONVEX SURFACE 


m 


+ ^lyKldia 

" +Jan, 

+ \J 7lIJ/Zto 


Again applying (2 8) wo liavo 

Mos' =: — + J - 1 jyll\(l(i3 +J]3n,TIj,fIu 

+ ijrBtVw 

= — 5^7(11? +IIS +IIS)(Zo) + jxti(aXli-^li‘B.t-¥yTXi)dui 
or from (2 22) 

Moz'= “ i|7(1I?+H3+HS)(^« + 

== ” ^JyW + n]^lll)d^-h if ^ 

~ y(n’+Il!+Il;)rfo.+ 2jyll^th) from (2.8). 


Ilenco from (2.71) 

2Moa'= y(3n*-VlW“ 

Likowiso 

Jim*-Vn)adw - (4.42) 


2 MoJ/'= y(3II'-VU)/J^w. 


(443j 


■ It 
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If v' denotes t7to voetoi f't'om. tho otigtn to tlm moan cuivatuie oentroid 
tvo oan xviite 

j'(3H*-VH)»ido», ... (4 5) 


who} e as before tl is the unit vector noi mal to the unit spjiei e 

V 

The surface cenh otd, 

The cenbioid of a olosed convex surface O when a uniform density 
18 supposed to be associated with oveiy point of n, may be called 
the surfaoQ centroid of f). 

Let z", ij'i 2 " be the rectangular oo-ordinafcea of the surface oentroid. 
Then 

s"=j£dS^j’dS ' ... (Bl) 

Therefore So2"= JeUfl'do), where So is the surface area of O 
- jn, di 0 , from (2 21) and (2 35) 

= - ij* fram (2 9) 

^ from (2.9) again. 
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Substituting from {2 22) in fclio first of these integrals wo have 

S„/= _ JSsMll-Sa,- 

_ i Jlyn.IItdm-ifsiiu, - ... ((5.2) 

Now the sGOoncl of thoso intograle by two applications of the 
funclamontal formulae, and the iiao of tho relation (2 12), can bo 
writton as 

^ J + } f IISHafio) + i 

+ ^ (2lIJIalI,9 + nSJt,s)dw - fxj vniJIIatlw, (6.81) 

on integrating tho first ami third lorms with regard to a 

Likewise tho third integral m (6.2), on integration with respoofc 
to a, gives 

- I j'&(HSn.ii + 2Hsn,n,a)d« + i J /3YlI»n“da> (6.32) 

and tho fifth integral in (5.2) givos 

™ ... (5.88) 

Substituting in (6.2 j from (6 31), (5 32) and (5 33) and ooUooting 
only tho terms in 1/a wo have 

f ^vn;ii„+ i:‘(2n,ir,H.,+u!H,,) 

J I a a 

_ t (ii;n,.+ 2 n,ii,ii,.)- ? n.n.ir,. |.!« 

a a a J 

X8 
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lU 

= + ... (6.41) 

“ Ii (say), 

on Riufca'bly arranging and aabsfcituting from (2.22) 

Collooting Lho othoi tonns we have 

' 1 - ijllidu + ij PvH5d» + ij (l-8y>)n»H,iJ<. 

+ = (say) .. (6.42) 

Then 8„.r."= I.+I. ... (6.6) 

■whoro it aliould bo noUoed that I, is free from tornis containing 
flocond diniei'ontial oo-efflcionts, and Ij contains only siioli terms 

Tho tbivd torm in I ^ is after substitution from (2 22) and integration 
witli the help o£ tlio fundamental foimula 

- iJ - i-j" (1-8^')HSH,* + JyK,R,-a,,do> ... (6,61) 

Substtitttting for /3!S, from (2 22) in the fourth term of I , and 
by ropeitod applications of the fundamental integration formulae 
wo get, 

— — §J*7HH;da» + 3 JoHHaHidu 

+ iJaYHSdu' + (1— 3a’)H;HBd« 

Noting that the lost terra in (5.62) taken together with the Crf 
two terras of I,, gives on integration 

i + - iJ ayH,(HS+HS)(J»... (6.6; 
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^vo liR-vo on oollocting all fcho ioims 

jTvCITsIf alia 0 a)tZoj 

- ^^*(1 -3Y»)II",dw + iJayHldoi + ^j'(/3»-y^)H>Ea£/co 
•I* a// 3 vTI>n^Z£a- iJa’IItHariw - ^jfayH*H,£lta 

- zf ^^vll - -5 + sJaliH.Hadto (5 71) 

tultii’oliiiiifjinf? a and /3 111 (5 71 ) wo get anofchei similai formula 
for adding up tli080 two and halving wo have 

jVdlallanaa+II.IIan.a + HaH^HaJrfo, 

*— ’i^yEIaCnS-Hn?)'*'" - iyy(«HiHS+^H;Ha)rfo) 

— + dynH/“Hi + /3Ha)dw ... (5 72) 

’j"(l— 3 y»)IIJrfw + 

_ 4/Yii(n!+n3+H!'‘!» + 

u„ «.bHaU.l.0M rrom ( 2 , 22 ), BimpUBofttion and mtegrahoa of oaa to.m. 
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Theflrst three integrals in (5 73) can bo easily shown to reduce to 

\j 7(h>.|^+H, l^+H, 1^ )(H;+HS+HS)<J.« ... (5.74) 

Therefore we have finally 

sy'= i/v (h,|^ +H. Ip + + 


== ij7(gi'adH grftd)(VH+H“)da) 




from (2 71) and (2.72), remembering that H?+H» + H| is of zero 
degrees is a, /3, y 

Therefore 83 *":= j‘{H«-HVH+l(grad H grad)VH}v(?w (5 8 ) 

with similar formulae for Sq®", Sq^". 

If T^' bo the vector from the origin to the surface centroid, and n the 
unit vector normal to the unit ^here, we have 

j'{Ii“-HVH + i(grnd H. gi’ad)VH}tld(o (5.9) 


VI. 

The volwM centroid. 

The centroid of the volume, enclosed by the closed convex surface il, 
a uniform density being supposed to be associated with each point, 
may be called the voltme centroiA of Q, 
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Let i'", y'"-, reotaiigulav co-ordmatoa of tko volume centroid 

Then 

... (6.1) 

where tke intogrationa arc taken over the whole surface 
Therefore 2Vo2"*— all'll 

whore Vo is the volume onoloaed by fl 

Thoreloro 2V,."' = -i/ HHa , 2 , 35 , 

= - nsH,.i» + iji. n*ii.n,.&. 

= I Ln,njn:,.<!<. 

= +r’)n.n 5 ii„.!c., ,..( 6 , 2 ) 

This integral can bo evaluated by exactly the eamo method as wo 
used m tho previous aootion, oonsisting in lUo repeated tipplioation of 
tho fundamental integration formulae (2.8), (2 0) togetlior with a 
judioioug apphoaiioti of tho identities (2.22). Wo got in this way 

2V..“=^/(n.+yH)(lI. |^+n. -9,3'+n. ®y)CH!+H!+H!Mo. 

+ 1 / Y(n5+H!+nS)".2.> 

- J(2Yn>+^- nn.)(]i!+iTs+U!)<J» + u/yn.fo 


= n. giiicl)(VH+H*)*) 
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+ - y'(2yH*+^iina (vn+n“)r?a) + sjyu^d^ 

from (2 71) and (2.72) 

— ^Jjla (glad n. gi’ad)VH£Zw 

+ iyy[(VH)“+H‘'+2H‘VH}da) 

+ (grad H. grad) An}d(D 

— J*yH“VHrfw + iJySi^dw 
Using now (2 06) wq have 

iVy= iJ(grad,H)CgcndH gead)(VH)do) + ■-2n* VH 

+ H (grad H grad)(VH)-|-i(VH)“}d 0 ... (8 8) 

with aimilai- formulae for and 

If be the vocior fiotn tlte origin ie iho volume coniiotcl, and 'tl iho 

ami vector normal to the unit ephere, m have 
4Vo4^"= y{H‘~2H»VH+H(gradH gradj{VH) + ^' 

+ grad)(VH)} grad Ht/u ... 


VII. 


The three tnaot tmU of the ewface 


If M-o denotes the integral of the mean curvature, taken over tlio 
whole convex surface, the surfooe aiea, and Yq the volume enclosed, 
then Mo, So and Vq niay be called the three invariants of the surface. 
Then 



where the integration extends over the whole surface 
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Tliciofoio SCf, = iy(ll4-Rr')(Z(i) 


— I fiom (281) 

= y(ftni +/illa + -yll,)rfai from (2 8) 

= jllihi fiom (2.22) 

In ilia samo wny, VfQ can afLoi flomo calciilaiion piovo Iho known 

'formula ... (7.1) 

S„=J ... (7 2) 


Wo propose to givo in slightly gvoiilor dotail, Iho dorivation of a 
Bimilar formula for V„, wluoh is holiovoil to bo now, 

v„= jj" ms, 

wlioro tlio intograiioii is ovor tlio wholo suifaco 
Thoioforo Vo = \j 


== ij TT(n,,ii, .-nN) ^^ 


from (2.87) 


"J 7 ’ 


/ 


y1 
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By fcho use of previous methods this finally leads to 


Y 


- Jh(h?+h;+h*)(^w 


|_)(n;+n3+H^)d(o 


= ^J'(grad 11 grad)(VH+H*)f?(o 


Hence finally 


fi’om (2 71) 
and (2.72) 


Vo= f UH:‘'-iHVH+i(grndH. gmd)(VH)}dw. ... (7 3) 

Subatitutiug from (7.l)i l.7<2) and (7 3) in (<t5), (6.0) and (6,4)) 
■wo get Uie vaobora -J*', -r", pmely in terms of the tangential function 
(StutssCunktion) H. Formula (2 3) already expresses in toms of H. 


VIII 

Tho two ciirvatwe c«mf»oul« of a su}faco of constant headth. 

A. oon'vex surfooe la called a surface o/ consiani 6? when tho 
diatanoa between parallel tangent planes is oonstaut For siioh a surface 

HCa, /?> y) + H(-a, -)5, -7) = D = B const. . (81, 

Our integrations have so far been peiformed over tho whole uni 
sphere. We shall now denote by 

/( 2 « ... (8 2 

a 


integration over a hemisphere of the unit sphere, which lies to th 
positive side of the asy plane, If as before (n®, y®, z®), (jj', y, 
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donote the co-oidmates of Gaussian andfclio moan oui’vatui’e centroids 
then 

. 0 = 

= y{yH-y(D-n|}d» 
n 

= ... ( 8 , 3 ) 

A 

2Mo«'=: 

= j‘y{311*-vn-3{D-H)" + VH}rfa> 

A 

== Jy(GDn-3DM‘i«‘ • (®‘^) 

A 

Again from (7.1) 

Mo= Jlldo) 

A 

= 2 TrD. ( 85 ) 

Ilonco from (8 4) and (8,5) wo liftvo 

z'^ fyllt/w ™ 1J> ••• (8.G) 

2ir J 

A 

Thoroforo 2 ”=: 

By intogratiiig ovor sintahly choaon homisphovos wo can similarly 
show tlmt 

fljOss (!,' and y®!= y\ 

Thus for a Biirfaoo of conslanl' heaiUh, </io Cfaimian and tho moan 
mnatmo oontn)uU ooincido. ^J^lus oorroapomls to Moiasner’s Uiflorom, 
that tho out oalni 0 conlrnid of an oval of oonstmt h oafU^ coincidoB ioUh i^s 
,yc>iwo/e? ccnlroiih 

19 
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IX 

The loci of the four oenlroida for a system of parallel conve « su) faces. 

Let Oj denote the oonvox surface parallel to the given convex 
surface O, at a distance t from it, t being measured positively along 
the outwaid normal If p denotes the lower hound of the minimum 
ladu of curvatures of fl, then if t ranges fiom —p to oo, fl, will still 
he a convex surface. Let «*'(() denote the vootors 

flora the origin to the Gaussian curvature centroid, the mean ourvaturo 
centroid, the surface centroid, and the volume centroid of Of Lot 
V=:Y(4), S=S(I) and M=M(f), denote the volume, dilie surface, and 
the integral of mean ourvaturo for (i, Then clearly 

V(0)=v„, S(0)=S„, M(0)=Mo. ... (9.U) 

From (3 8) 

= ^/Hnd<o 

= r«. 

Again from (4 5) we have 

Mr'(0= {3(H+0’-V(n+0}nf?o> 

= ^j'(3H*-VWHdo)+ Stplndo, 


=5 jMo'r'+47rfr®. 

... (013) 

In the same way from (5.9) we get 


SK(0= So»‘"+ 

.{014) 

and from .(6 4) we get 



... (9,15) 

Again from (7.1), (7 2), (7 8) we easily have 


V = Yo + Sot+'Mot*+ 

... '(9.21) 

S =: So + 2Moi+47ri* 

... (9.2^) 

M =c M(j+47r^, 

... (9.28) 
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The results (9 21) to {9'23) are originally due to Stoinoi’.* 

Hence finally wo liavo 


v°{t) = 

.}tO 

... (1.31) 

r'(t) = 

Mo + 47ri 

(9.32) 

v'V) = 

Sn»’"+2Mni4’'+<WiM"' 

So + aMot-P'irtri* 

M. (9.33) 


Vo4^"+So/4*"+M„iV+ ^ 

v„+a„i+M„(*+:^r 

... (9,34) 

Equations 

(9.81) to (9 84) are the vector equations of the loot of the 


four oonfcroicls, for tbo systom of parallel surfaces. Wo thus aoo ; 

JT/tfl Qausaian curoaluro oontioid of a syalom of inrallol couro.!} surfaces 
is a fixed point G®, Iho locus of Q', the moan curvature osntroid is a straight 
lino S', the locus of G", Iho aiiifaoo contmd is a conie section 'whilo the 
loans of O'", the volumo conhoid is a rational space cuhio S'". 

That the locus of G" is a conic has boon olhorwiso provocl by 
Kubota I 

When i=oc, 

( 9 *^) 

This shows that S', S", S'" all pass through G°. 

The equations (9.21 ) to (9.28) readily show that 


s=';i 

... (9.51) 

dt 

dl^ 

... (9 52) 

11 

fe 

CO 

... (9.53) 


* Btoinor : Ohor paraDolo Fllohon, Oonanfimollo Worko JI pp. 178,476, 
t Kuhntni Loo Cft 
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Again if W0 take a vector function given by 



... iP^^) 

blien 


= SQl'"+2MoM*'+47riM’“ 

dt 

. . (9.55) 

'?!i = 2(Mor'+^k7rir^) 

dt^ 

... (9t56) 

4!^ = 8x 

cl«* 

... (9.57) 

•SubBtotmg I.om (9 61) to (9 57) 10(9 12), (0 13), (O.U), (916). 

WO have 


' at' dt* 

... (9 51) 

«‘>S- - 3 - . 

.. (9 6?) 

M - I 

... (9.68) 

^"{i,Y = $ 

.. (9.64) 

From (9 04), v,e bavo 


r'"(i)+-^ ^*'"0) = ^ = 

(9 63) 

Honoe ^’"'(0 = ^ . 

... (9.66) 


.. (9.66) 


... (9.67) 


Again from (9 65) 

^ ^ Ir'iD-r^'W) - |(^)*{y'(0-nO} •• <9 08) 
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Lot now Go) G', G", G'" clonote the four oeniroids ol the parallel 

convex surface 
fl,, at a distance 
t from n. Then 


V"it) 



is a vector 
parallel to Iho 
tangent at G" to 
the coino S", 
winch iH the 
locus of G" 

Also r'(G- «’"(«) 

IS the vootor 
G^'G' The re 

torsli 0 W 8 '’lhib Uw tangent to S” at 0", pa««OB Ihrongiff^In to 
same way tlio I'olalion (0 65), shows that Iho tangent at 0 to the 
space onbie 3", wh.oli is the locus ot O”, must pass through Q . Again 
the relation (9 68) shows, that tho vootors 

A*~, v"\i)i and (f) 

are ooplanar, Z, Iho first f 

nfG'"toS'". while tho other two vootors are G G and CK G . ih^B 
the osculating plane at G'" to S”' passes through G'. We may also 
state the same thing hy saying that G' G" G™ is the osculating plane to 

^'"igleonsKler the three vectors X(0. K‘) "(0 

\{t)m 

hi s„(r'-4''')+4TrS„(r«j::_«’'A±i^ (9?!) 

fiom (9.B3) and (9 d.l), 

,A0 s t[v'\n-'i'^’V)] 


A 

B 


(9 72) 


where 


+47rVt,(r‘’ 
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B a (So-l* 2 Moi+<Wi*)(Vo + So(+lM"+ ^V) 
y(t) a 3 + I 

_ 0 .. (9 73) 

D 

where G a SVoSoC^*" “«'"'j + 6VoMoU‘'-'J'"')^ 

+ 12 7rVo(r“ —»*"')(' + 2MoSo(r'-'>’")^’ 

+47rSo(r°-«'^/“ 

and D a (Mo + 47rG(So+2Moi+4irr) 

Now the vootor X(f) la a acalai* multiple of the veotov Q"Q'", tvnd 
hence (from what haa been already proved) la parallel to the tangent 
at G^' to S" But for t - — >-oo the point G" — >&“, while XCO— ► 
whioh is the vector G'G®. This shows that the oonio S" 
touches the line S' at G^ The relation (9 72) similarly shows that 
the line S' « a tangent to the space cubic S'" at G|- Finally v{t) 
18 coplanar with the vectors G"' G^' and G" G', and is therefore paraUol 
to the osculating plane at G"' to S'"- But for /“^>oo, the point 

Q/" ^G®, while v(0 — >+®— f*". Hence the vector G"G° la parallel 

to the osculating plane of S'" at G®. As we have already shown G 
is a tangent to S'" at G®, it followa that the oscillating plane o£ S'" ftt 
G*^ coincides with the plane G®G'Gr, which is the plane of the ponio S". 

Summing up oar results w6 oan say t — 

If any regular malyiic closed oonves surface, and if loo construct 
ft smies of convSx surfaces paroWel to then the (J(iMssia?» curvature 

centroid 0^^ remains fixed, the locus of the wiean ourvaturo centroid is a 
line S' pcwsinp through , the locus of the surf ace centroid is a come 
touching the line's,' at G°, and the hms of the voUitne centroid is a 
rational space ouhio S'" touching S' at G®, n«d having the plane of the 
conicSI’asitsosculatingplane at G® If Q®, G', G". G'" he the four 
centroids for any of these surfaces, then the ia/ngent at Gt" to S" passes 
through G', the tangent at G'" to S'" through G", while the osculating 
pZa'jie at G'" to S'", coincides toiih the plane 


Bull. 04. Math, Soo , Yol, XXYH, :^o8: 8 & 4 (1985). 
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A Beductiok-itohmula eoe aiiE BuNcaioNs oe the 
SECOND KIND CONNECTED WITH THE POLYNOMIALS 
OF Applied Mathematics 

BY 

Mauriob l)U Dufpaiibl 

{aiamboul) 

{Communicated by iho EdUonal Scorciaiy) 

1. Intioduolory. 

In coursG o£ an lUYOstigftUon rogarclnig lotatiiig llmils, I have had 

ocoamon to make coiiHidovahlo use of riogondi-o’a lunction of bho sooond 
kind, which, ns is well known, may ho oxproBSod in tho form 

Q,(s) = 

whov 0 l\ la Logontlio'H polynomial, and /,_i a polynomial ol dogroa 
n— I Various oxproasioim of /h-i have boon given, particularly in 
terms of Logoudro’s polynoimalw of lower degrees j bub T found that 
none was satisCiwtory in rogavd to tho priuitioal computations Tylpoh 
I had to porfurm. I tuod, thoioforo, to obtain a suitablo form ; and, 
introduciiig a polynomial H„(2), of dogroo n-1, such that 

whore A, la a polynomial of dogroo n-S, J found Uio following remark- 
able expression 

. / ^ eP.fa)— B h(») 

/«-»(«) ~ ' — jiiri — ’ 


Tho samo prooofls iillowocl mo in a jimlki' way lo oblam a oimplo 
reduoUon-formula tor Lamo'o timoUon o( tho oooond kind 1 thon 
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formed the idea of o'^tend.ing this method of the treatment of other 
functions, and the result of this investigation la the theme of tho 
piosont paper. 

2. The General Method 

Lot us consider a polynomial /,(«), of degree satisfying tho 
differential equation of the second order 

+ “WAW = 0 .. (E) 

where a, 6, c are polynomials. 

We shall assume that tho two following oonditions are satisfied , 

1. All the roots of /,(«) are siraple 
2 None of them is a root of a{z) 

We shall remark that these conditions are satisfied for nearly all 
tho polynomials of Mathematical Physios 

We shall write 

^i) _ 

ir(e) 

A second solution of equation (B), known as the ywnciion of the soeond 
hind connected with can bo immediately written under Euler’s form • 

=/.(.)/ ... ,(i) 

the lower limit of the integral being conveniently chosen 

We shall nosv introduce two polynomials A|,(8) and of degrees 

respectively lower than those of/,' and/,, and such that 

A,(2)/,(») + B,(«)/,'{8) s 1, ... (2j 

a property sometimes described as Bemi’s Pomtda, 

We can then write, 


gn(g) 

/.W 




✓ 
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Intograting by parts, and supposing that 
lower limit of the integral, we obtain 


Bjjff 

A 


vanishes at the 


Wo shall write the quantity between brackets 


-jy 

A /.« ‘ 


and try to find a now expression for it. 

From identity (2) wo have 

AnA'+An'/. + B.'/^'+B^." = 0, 

B.A" 


(3) 


whoneo 


A. + D/ _ _A_.^ 

f- /: hi: 


Denoting now by /A,,/Xa, /x. the roots o£ /» and by v,, v,, 

the roots of A' wo havo 


~ "V A/(iq) 

A '<^1 A''<»'i)(-“-’'i) 


B,// _ V iya)A;'i/iilj. 2* 13. (v,) 

Uf* ‘"1 77*T/MTrc-/i<) '»» A(’'i)(«“-»'<) ’ 


But from (3) 


ATv.) 


x’I-Oil) 


= 0, 


and so 

A. + B.' B«(mi)AV() 

-yr = - 


Now from (13) wo havo 


20 


A"(/m) ^ 

A'(^i) a(/A, ) 
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whenoe 


+ ^ J: 


Wo oan also write 

a/, ' = 1 rt(/A()/«Vi)(2 — /^j) i«x «'(8<)/n(s<)(* “®i) 


where Si, s,, arc the roots of a(-) 

[We suppose heio that the degreo of b'z)i^ inferior or equal to 
the degree o£o(v), which is generally the ease in the equations of 
Applied Mafchematios , we shall, however, soe afterwards an ovampio 
of the contrary, introducing into this equality a constant term ] 

We thus obtain 

A. + B,' _ W s B,(Sf)&fg,) 

af, • = \ a'{si)Msi){e-s,) ' 


and, using the formula, we obtain for 5, the required expression 


5.« = -ib.WjW -AWl 


We shall now discuss this result . — 


(B) 


(а) Comparing this value of with the expiossion given by 
(1), we see that it contama w integrals instead of ono , but, firstly, 
these m integrals are similar m form , and secondly, not containing 
/*, they are far more simple than the integral in (1) 

(б) The polynomials of mathematical physios are generally 
solutions of differential equations wheie rt(i) and 6(<;) are independent 
of the degree «, which appears only in c{z) The m integrals in ( 5 ) are 
therefore independent of » and appear in the expression of the func- 
tion g of any order So, if m-<«, we oan reduce g^ to the wi functions 
ffi) 98 •?*) our formula (B) will be a general reduotion-formuln 
for g* We must note that the function go cannot ho introduced thei'e, 
for,/o being a constant, the polynomial Bq is nugatory," This reduction- 
formula seems to be speoially suitable for the numerical computations 
which often occur in harmonic analysis and allied questions. 
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(r) Wo ahdl pvosonfcly oatablisli ft goneralloimula for the B/s 
which will bo of gioiifc holp in himplifyiug our oxprossion (5) 

Let \\H suppoao tlmi tlie degiee of 6(?) < the dogteo of a(^), and 
consider again fclio oqualifcy (d-) Owing to tlio fact that 

^n{lil)fAl^l) = 1 . 

lb can bo wiittoii 

== S 'R.(s,)Hs,) ^ fj'iii,) 


Lot us multiply tlio two mombora by and lob booomo infinite , 
obaoi'vmg now that 


S 




= 0 , 


ns boing tlio sum of tho rosiduos for the rational fraoUon 
obtain tho loquirod formula 


1 

/uo 


2 ^ n(Sl)h{8i ) 

a'(s, )/.(«,) 


0 


wo 


(d) Suppose now that wo havo to doftl with polynomials whioh 
lU’G solutions of a dilTurontial ofpifttion of tho hyporgoomotrio typo* 
tins IS ft very important oaso Wo aro lod to two integrals j but using 
tho piocoding formula, wo shall roduco thorn to ono integral only, 
indopoudont of n and so tho fiinotioii q, will bo roduood to 7». 

(c) It 18 not noiioasary to romftvic that tho polynomial Bb(«) is 
mtlior easy to form ; it oan ho olitamod from /*(«) by rational opora* 
tions only, tho kiiowlodgo of tlio roots of /,(«) is nob roquirod In 
many oasos, as wo shall soo horoaflor, it is possiblo to form a ro* 
oiuTonoo formula botwooii tho IVs and / b, whioh will bo of groat holp 
lu obtaining readily tho values of B„(sj) 

Wo shall illustrato this gonoral theory by various examples, ohoson 
as follows : 

1 rt(s) 18 of dogi’oo 3 . fiftino’s equation, 

2 a{i) is of dogroo2; and b{t) of dogroo 1; Logoiidre’s 
oquation and its oxtonsion. 

3 a(j)' and h(s) aro oaoli of dogroo 1 j Laguorro'a oquation, 

4 . a(j) is of dogroo 0, 6(5) of dogi’oo 1 . Ilormito’s oquation, 
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3. Lame^s Iiwiohons, 

We shall not here the details of the troatmeiit of Lamo’a 

functions of the second hind by the above method, as this development 
18 to appear elsewhere, together with its applioation to the theory 
of Poincare’s figures of equilibrium foi a rotating mass of fluid. Wo 
eliall only state the following results . 

When Lame’s function of the first kind IS a polynomial, t,e,, when 
w IB even, there is no difBoulty at all, and the function of the second 
kind S„ ""pail readily b© rednoed to funptions S of tho first and the 
second order. 

When n is odd, Lame’s fmiotion being no longer a polynomial, but 
fcbe product of a polynomial T, by an irrational faotoi', tho method 
fails. However, it can be applied with certain modifications . taking 
for A» and B„ the polynomials connected with T„ by Bezout’s formula, 
and introducing in tho first course of the work, double roots for tho 
depomposition of i:atlonal frisotions, a formula analogous to tlie proced* 
ing though a lifcblo more oomplioatod, can bo obtained, whioh allows 
the reduction of to tho two functions S of order 1 and 2 


4. Tfu) Extended Itogendie's PolynomtaU, 

These funotiona studied by Gegenbauer, furnish us with a good 
example of our method. Let ns first bnelly rooall some of their 
properties * 

The polynomial is defined by the expansion 

(l-2as+a«)‘*'= I a^'O'Hiz). 

»=i 

It satisfies th© differential equation 


(I— — (2r+l)![y' + tt{2('+n)y =: 

It can be expressed in terms of Gauss’s hypergeometrio function 
by the formula ■ 


• For the properties, expsosiona, lecuitence formulae, etc., of the function 
the reader is referred to Whilteker aod Wstson, Modern Aqalysis, 823 Seo 
also Appell end Lanibetb, aenerelisation dea fonoblons spheriquos (Bdifcioa Francelse 
(de Bncyolopedie, ii, 9), 88? 
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Ainongsb tho I'eourrencQ foi'inuloo of bins funofcion we shall uso the 
two following 


nzO^„ = (n + 2.-l)0Lx + («»-l)0‘:. 


... (I) 
... (11) 


With IS asaoQiatod a fiinotiou of tho boooikI kind, which wo 
will writo as 

dt 


111 = o’'.(.)j 


(»)•'+ V.o)]* ' 


Tho gonoral method may be applied without any diflioult-y ; wo 
shall introduce tho polynomials BI^Cz) , and in this particular oaso 
formula (6) will bo written as 

aai ^ 0 

o';{i) oiK+i) 

In order to ovaluato wo shall establish tho following roopv- 

ronoo formula i 

(,i+2v-l)0:'.,(»)Bi:(«) - nO'(.)B:.,(*) + .'-1 = 0, 

Tho domonstration is easy . wo liavo a polynomial of dogroo 2u-.8 j 
and wo shall prove that it has 2tt— 1 roots, riz., tho »—l roots 

a, tt«-i of and tho n roots of /3, /?. of OUfa). 1%’ a 

root Uj, it booomos 

— «0!i(a,) + (a? “1) Oll.j(a,), 

smeo 

It 18 thoroforo zero by roourronoo formula I. JTor a root it 
beoomos 

{«+2v-l)Oi_.(/S,) + {fii) 

which 18 zero by II. Thon, sinoo 


our formula givos us 


0 V(x\ _ r(«+2r) 

^ r(n+l)r( 2 r)' 
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But 0^('t being 21/2, lii (a) isi, so 

Hv 




B^l) ^ r(nH)V(2v) 

0';(1) 2yr(n+2y) 

The general method gives us the following result 

H^(,) == _ . ^ (2.^-H)r(n+l)r(2v) qv. . ( ^ 

(l_ 2 a)>'+T 2i<r(n+2»') ^ 

Two forms oan then be piuposed j wo can, as we have said, expioss 
the above integral in terms of Ho(2)» write 

H^(,) . {2i/+lir(ft+l)r(2r) qV, wjv+w ^ 

^ 2vr(n+2v) U- 

These are two reduction formulae for H». 

For vss'J'j bave the ordinary Logendro^s functions ; the first 
formula becomes 


As QiCa) 10 
this can bo written 


h log 


Q.(») = ff-y-B.w + ,„g *+1 ^ 

A—» 8—1 

which is the formula we spoke of at the begining of the paper, 

Professor Whittaker having suggested that the function might 
be put in the form of a determinant, I have found for the following 
expiessioii as a determinant with (n— 1} rows : 

(21*+ 1)3 +(2i'+l) 0 0 0 

2 (2v+1)3 2v+2 0 0 


B\ == 


2v(2r+l)M,(2v+7t— 1)1 Q , 


3 {2i'+6)3 2v+3 0 

0 4 (2v+ 8)3 2r+4 


« ■ • 
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Tina Gxproaaion inoludoa as a partionlar oaso, the determinantal 
form for tho funotion B„ oonnootod with Logondio’a polynomials. 

8 LagimWa Polynomials 
Tho polynomial L„ of Lagnorio* is dofinod by 

h.u) = 0- V) 

+ (5+1)Ij»'(s) — mTj„,(2) “ 0 

Tho funotion of Uio socoiul kind oonnoofcod with this polynomial ia 

Wo do not develop tins oaso, which is oxh’omoly aimplo A 
roonrronoQ formula can roadily ho obtamod botwoon tho B’s and L’b, 

it may bo proved that rj«(s)=n!, and B.(0)=~| ; and wo obtain 

[»il]*M„<s) = + TjJz)Mo(e) 

wlioro »„-,(•) 18 tho polynomial 

and it may bo noted that Mn(K) ifl nothing olso tlion tho wolUknown 
logaritlimio integral funotion, 

G. Iloimito's Polytumuilf or Iho ParaboUo Oylindor fimotion when 
n is an tnioyoi. 

Tho Parabolic Oylindort funotion wlion n ia an intogor, dogenoratoa 
into tho product of an oxponontial and a polynomial 5 

!).(«) = 

U» IS Ilormiio’fl polynomial, which satiaflos (ho equation 
Tj:-rTJ/+ni;, = 0 

• Lagiiorro, Oouvroe, T, 428. AppoU and Iiamboit, op, oil, 280. These poly- 
nomials can bo oxprossod in lormo of tho confluent hypergoomotrlo function 

t Wlubtokor, X^oo, Lond. Moth, 0oo„ XXXV, Arch. Milne, op. Oil,, xx^li, 
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A second aolutiott la given by 


v.w = 


■dt 


We aball conaider only the ease when n is an oven number Then 
■U„(0;=1, B,(0)=0, and it may be proved tliAt 

n(n-l)U„_a(a)B,{rl — 'U,(5)B„-a(z) — s = 0. 

Now if we proceed with the general method, we shall have to 
oonaidev the decomposition of the rational factor ; and a constant 

term must be inti'oduced In that case, we are let to wx’ite 

A,+B,' , __ -jj- 

+ u, " 

w — gB,(g) 

g=oo u,(g) ’ 

The roourronoo formula between B and TJ may bo used to ptfoVd 
that 




and finally we write 


V.(») = +^,'U.(»)V„(»). 

A second solution of the differential equation of tho parabolio 
cylinder when n is an even number oan then be written 

«• -t 

am = + ^D,(z)Ao(g) 

The functions Vo or A o “uy be reduced^ by a slight change of variable 
to the error-funotion Bi/fz), 

These examples will suffice to show how this general method must 
be used for the leduobion of functions of the second kind. 

Other functions to which a similar treatment may be applied arc 
the Jacobean polynomials F.U), which 6an be written F(—», o+n ; 
v,e) and confluent hypergeometrio function W*,„(s) when m—h is 
of the form ti+i, being an integer. 


Bull, Oal. Math. See , Vol. XXVIT, Nog. 3 dfc 4 (1935). 
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Note on the stability of a thin riiATB under edge 

TURUST, BUCKLING BEING RESISTED BY A SHALL 
FORCE VARYING AS THl? DISPLAUEMENT 

BY 

B. Sun 

1 hUiochiction and ihn slatemonl nf piohlom 

Tho Ri’oblom of stability of a tlmi plato nmlov nnifoi’in oclgo tbniHt 
was first solved by G 11 Bryan * Siiico tlioh biiokling undor difEotoni 
conditions has boon considorod by Hovoral invOHtigators, I On nocoimt 
of tho physical importanco of tho problom, it is thought dosirablo to 
consider tho stability of a tlmi plato undor umfor/n odgo thrust whon 
buckling IS rosistod by a small foroo proportional to tho diaplaoomoni. 

Wo nssumo 

tho thioknosB of tho plato 
tho odgo thrust por unit of longtli^ 
tho small dolloction of tho plato 
tho floxural rigidity of tho plato=D 
nnd tho rosistanco por unit of aroa 

Tlion tho equation of oquilibrmm in tlio slightly dollootod position 

IS 

or + ... (1.2) 


=:27i, 

^w, 

==ew. ... ( 1 . 1 ) 


* ProLCOihngfl of tho London Mathoinalloal Boowly (8oi. 1), Vol. 29 (IflOl), p. 01. 
t 'TboMivtlioiiiQlicalTbooiyofEUatiolty/byA E. If Love, 4Ui edition, p. B88 

2i 



168 


13 SBN 


wliere 


and 


- ^ + 1 9 +i ^ 
' a.* a?/® a»“ >• a? 

““dt- 

\!*=^ (a small quantity) 


( 13 ) 


2 A G^rct(2ai ji2a^c mlh clamped edge 

It IS difficult to obtain diiootly tlie gonoial solution of the equation 

... (2 1 ) 

in polar co-ordmates Ho ivever, paitieular values of w satisfying fcbo 
equation can be obtained in an indirect manner Wo assume ns tlie 
solution of (2.1) 

w— AJof/w), ... t2 2) 

■where Jq is the Bessel’s function of the first kind and zero order and 
A 18 a conetant 

Since 

and V !«“/**«' 

we obtain from (2 1) 

(/**~ftV*+X»)wr=0 

or (;x*_lP^»+\*)=0 ... (2.3) 

By hypothesis, X® is very small and hence we can aseume 

X*>4X* ... (2,4) 

Then two leal values /x^ and /t, of p can be taken as 

■ ... (2 5) 

the positive sign only being taken before the braokota as the values 
of Bessel’s functions aie the same whether the argument is positive or 
negabi'Ve 
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Tliorofoi'o wo find iliat a solution of (2.1) can bo put us 

W=: A Jo (/A i0+ B Jo (/*,«•)» 


(2 6) 


A and B being constantfl 

Tho boundniy conditions foi a damped otlgo aio 

^ 0=0 and =0 wben i=«. ... (2.7) 

0» 

Theso conditions give 


and 


AJn(;Airt) + BJo(iu,a)=0, 

A/XjJ'o^/A,a)+B/A,.Vo(Ma«>=^^ 


Since 


.T',(ft,) = -.J»(.r), 
wo liavo on oliminaUng A and B from Ibo abovo 

/AjJ,(/x,a).To(/Aaa)~/t,Ji{^,rt)Jo(/«-i«)=9 


i2 8) 


Lot and s=g(<l). 

hi 

tbon 

,= Mil ... (2,9) 

^ hi hi 

Tho equation (2 8) now bocomoB 

... (2.X0) 

Subfltituting tlio valuo of q obtained in (2.9) in tlio abovo equation, 
wo got an equation in /3, tlio roots of whioh givo tlio poasiblo values 
of fc* and lionoo of P producing dofloofcion. If A. bo very small, wo Imvo 

qs=: also a Binall quantity. 

hi 

Wo can ilion nssumo for modoralo vahioa of {3, to bo so small 
that Uio terms containing biglior powora of qfi tlian tlio Bocond may 
bo neglootod 

Writing down tlio approximato valuos of and J,(( 3 '^), wo 

got tho equation {2 10) in tho form 






... (2U) 
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Wo find from the table that when j3=3 8817, .. 

J,(/3)=0 and Jo(^)t a negative quantity. 

Honco for this value of f(^) m positive. 

Again when (9=5 5200.,., wo have 

iTo(^) =0 and a negative quantity, 

Q* 

inoG ”2*~ hypothesis, a small quantity less than unity, 

/C^) IS now negative 

This shows that the clefleotion la possible for some value of 

P (that IS, fi^a) > 3 8317. .. 

Wo have from (2 5) A® >/*• 

whence wo dei’ive that this defteotion is prodnood only when 
> (3 8317)-... 

4.0. wlien2/tP > (3'8317 )- (212) 

3, A lectangular plate with mpportod edges 

The boundary conditions for a rectangular plate with supported 
edges can be written aa 

411=0, along the edges, 

9 ^ along the sides hi= 0, and a!=a, 

( 3 - 1 ) 

All these oonditions are satisfied if we take 


w=A 

\ 

provided m and n 


mree 

sin — sin 
a 


are integers, 


nwy 

b 


(3.2) 
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Tins oKpi-oasion for to will also satisfy 
C1.2) if 


tli0 diffiorontial equation 


r wi’tt® 

L 


V_la r . nV» 

i’ J ’■ 



or if 




[ 


A 


^ tn^TT* 


+ ' 


«» 7 r» 


V 


m*- 7 r* 

~a^ 


n“ 7 ra 
+ -ftl- 


+ 2 \ 


(3 3) 


IToncn in m-dor tlial. Hio floHoction may bo posaiblo, must be equal 
to or^'i’onloi* than 2X. 

Tluit IS, 

/iP S5 oi» > vVI). (3 3) 

4 A tcrfanffulm plafr used as a shut 
In LIuh oaqo, wo laKo Hio origin at tbo iniddlo point of one of tbe 

BidoH and Hiipposo UuU IIiih odgo aiul that parallol to it aro supportocl 
wliilo Mio nf.liiii' two oilgos aro froo. 'L’lio longtli of each of fcho formor 
pair 18 takon b and that of oaoh of tlio other pair a. We further 
asBumo tliat tliovo aro uo tlirusts on tlio sidos which aro froo. 

Tlio oquatioii <1 2) in tho proaont 6nso roducoa to 


v >+/<* +\‘,«=0 

Tho boundary conditions ivro 

iy= 0 , 

6 *iy 4 . 9 

Qni’ ' 5 //’ 


when u - ± j 


- 0 ,. -<> 




0 *10 , 0 




0?/ 


n 


C =0 


=0 


when jj=0 and ;r=fi. 


(4.1) 



... ( 4 . 3 ) 
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TliG ooliclitions (4 2) arc satisfied if vro take 

w=Vmn^, .. (4 4) 

V being a function of y and w an integer 

Substituting tins value of w in ^4.1), we got 

0*V _277*iji* Qsy , Itt * / \ 

-dr L 

where o‘= -X“. „. (4,8) 


a‘=A!4«’ _xi. 
a* 


To solve tlio aquation (4 5), we put 
V=A ooali gy 
Then from (4 5), we have 


... (4.7) 


)*=e. 


from which wo obtain four roots of the form satisfying the 

equations 

7‘ ^ 

JJ-— (4.8) 


For satisfying the conditions (4.3), wo take the symmetrioal 
solution 


V=:A oosh g,y+B cosh q^y. 
Then the boundary conditions give 


... (4.9) 


A oosh 

7i6 

2 

J' a- 

J+Boo8hi^[ 

ft crfl»»n’ 

A smh 

q,h 

2 

>"] 

g» + B8mli-2i 
2 
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Eliminating A and B, wo obtain with tho help of tlio relation (4 8) 


l7a[(2-o-)i~ 51 j fcanhigr^l!) 

_ r 1 j « , , 

=?'L~a» 32 J 1 (?!&. ... (412) 


Thia equation, togotlior with tho volation 


j„27r*ta'' , 

5.--^ Q„ 


Will give the valuoa of a and Jc aatisEyiiig tho boundary coaditioiiB and 
the required difforontial equations, 

Let us writo 


/C3i)=3i[(2-‘r) -5S] taiili iq,b 

-gj] tftnhi5^6. 


IVhon jjSsO, wo fliuUliat/(gr,) iHiiogativo, amlwhon<7j=3.^!!^. 

■* a* ’ 

/{?,) IB positive. 

Honco tho equation (4,13) is satiHAoil for somo valuo of grj lying 
betwQon 0 and 21-^. For dollootioii to bo poseiblo for this valuo 


5 , < 


r*w* * . (Trr*n^ 

a* a* ' 


a* > (l-a) 



1C4 

B, SEN 1 

t e., 

X- < (1 aY , 

a* rt 1 

i e , 

1 « /w \* , X*a* 

lc‘ > (1 a)‘ , 

ov 

B 

> [(1 <r) ™ 1 +2Hl-<r). ... (414) 

L 'a vm j 

Hence unless /c® be gi’oatei' than 2\(1 — a), tlioi'o cannot be any 
deflection, for the value of q\ lying between the abovomontioned 

limits 


Since 

ql > 0, WO have 


a* ^ 

t.Q , 

> i!55^-x». 

a* 

Hence 

/^a < . ... (415) 

' ^ a* ir*m* 

Bull Oal- Matb Boc,, Vol. XXVII, No. 3 & 4 (1985) 
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On Infinite Integrals of Bessel Eonotions 
N. Q Shabdu 
{Naginn), 

IntroclucUon •— Somo infinifco intogmlH invoking a priulnch nf RorhoI 
funotiona m tho integi'ancl havx> boon i’ooonl.ly ovaliiiiLotl by Wiiison,* * * § 
Baioly.t RicoJ and oLhora § Tlio objoot ot this noto in to oblaui oorLiiin 
moi'o gonoral intograls of tho aanio typo Wo alao nofco a pavLioiilar 
case of a Mei]Qi’’a roauUH giving an intogml ovpi’osHioii in tovnia of 
Boaaol funoUons for a procluot of two functions 


n. 


Wo talco tho following o\pa«8ion given by Raioly’lf 

/ t s/l' — /X — V 

(g 


( 1 . 1 ) 


0^6*' S (/<+2»)r(A'+«) r / ^ 

1\/A + 1)1>+1) H=o" ■ 


nl 




* Journal London Math, Sooioly,0, Paill, iO, "AiuiillnHo intoi^riil involving 
Bessol functions " 

t (0 Proo. London Math. Soo , (Sorlos 9), 40, })7\ "Sotno inflnito mlograla 
involving Bessol functions.’' 7'hio pnpor will bo roforred to ns 13 X 

(n) Joiiriidi London Math Soo., 11, Piirb 1, \L(i i "Bonio innnilo inlogriils 
involving Bossol functions (II) " This will bo loforrod to ns li S 

t Quarlorly Journal of Math. (Oxford sorlos), 0, 6!i, "On oontour iiitogrulii 
for the product of two Bossol functions " 

§ (0 dcurnnl o/ t/ic Ifidnin Afaf/i i$oo , (Now sorios), 1, Ji9i"OnHOjno intograls 
involving Bossol functions,” by M. Ziaud Bin ond N, 0. Blnibilo. 

(») Pros Aondon A/(i(/i, S'oe., (Sorlos 2), 40, i; ''Inlograloilinstolliingon mis 
derTlieono dor Bosselsobon Funktioiion," by 0. B Moi]or, 

(m) Quarterly Journal oj Math/[.Oxtoi(i soiloo}, 6, Rtti " IDlnigo Inlognilo- 
daratellungon fdr i’rodukto von Wliitlalcorflobou I^inktionon,” by 0. Moljor. 
This will bo roforiod to ns M. 

II Soo M, Sill. 

1! Qiiortorlj/ JoHrnol of Malk, (Oxford Sorios), 6, X'/J.'is '* Homo expiinslonH of 
Bossol functions involving AppoU's funoUon Tbo fonnubi quolod ia (0.1). 

22 
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To verify that this expansion is uniformly oonvergent in s wo obtain 
a Icnown integral by term-wise integration of (LI) 

Multiply (1 1) by and mtegiato both the sulos from 0 to oo 

z 

witli respeot to x Wo got 

(1 2 ) j 

0 

— S (k— 2ft)r(KH-») g IJ4-1.V+1 . 

r(/i-fi)r(v+i I »=o «! 



3it(cz)Jin.t«(g ) 

z 


The left-hand flido of (1.2) becomes by ]3 1, formula [B 2), equal to 


( 1 . 8 ) 


b*'r(K) 

c'*r</t-n)r(v-H) 


Tho ngbt band sido 

^/■6^2''"^“^"M^^«“»)l’'2F,{n+l,n;K+2n+l, ^}.(K+2a) 

= 2 : 

"=° o''^‘"r(»c+2n+l)r(l-w) «! 

by means of a formula of Sonine and Sohofheitlm* is equal to (1.3) as 
all terms of the series except the first vanish because of the prosonco 
of r(l—w) in the denominator. 


The expansion in (1 1) being, thus, uniformly oonvorgcmi, tbo lorm 
wiae-inbegrabion in the following articles is austifiod. 


f 8?e ’WatBon’fl Theoiy of Bessel fnnotiona, lfl23, dOl, formula 3 
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To evaluafo 


§2. 


jl- • ‘ (ht)dt i 

0 

I 0 1 >1 a«(J R(\+k) > 0 

Fiom (1.1) we have 

(21) J e~'“ 

0 

2 '^ 6 *' £ (« + 2 »)r(K+n)Ti, r , 

" 'r{/i,+i)r(v+i) io Pi[“«,«+«,/x+V+i,a“,6*] 


»l 




fiV » (K+2«)r(K+n)i.i . t,n 

= r(7+i)r(v+i),i r — 


r(x+«+ 2 «). 2 ir,[l±-^±?'', 


k+X+2u 1'~X+k+2j» 


2 


.« + 2« + l, 


(o> + 1 )^^^“'' 2 *" ■ T(«+ 2 »+ 1 )”^ 

(2.2) itt 

= li^ifixv+T) .=» ] 

^(p+ 2 «)r(p_+^ 


J (p+ 2 ») 1 X/>_ 4 ^ 

" r(;tt+r)iv+ 1)^=0 ■71'“ 

/^+ 1 | v+ 1 , 0 ^^{-i( « + 2 ^+ 2 n+\)} 

r(p+i)r(p+ 2 ?i+]) f{i“'l)(«+ 2 /)+z¥=x)}' 

x]?4[^'jf{«+2/i+2»”X), K'*42/>+27i+X) j p+2)i 1-1 ; /)-hl,L, J 

by raoana o£ Bl, p. <15, formula (7.1). 

In (2.2), ff > c+l, R(k) < i ami H (2 p + k4-X) > 0, 

*' This integral oau be avftlualccl by moana of (8), flS6 of WatBon’e Tlioery 
of BesBol funotiona 


168 


N G. BilADDJil 


§3 

The following integrals can also bo similarly ovaliiatod. Wo only 
writo tliB final value in each case. 

( 31 ) j* 

0 

= SSSt) i 


g^lK^ + T + K + Sft — p)}r{^(X + T + ft-t-2»4-p)} 
^X+K+ « ■' +T J + 2rt + 1) 


^^*|^iC^+T+K+2ri— p), -j(X+K+T+2»+p),T4-l,K+2)t-t-l, “•'Tat J 


where R(1 + k+X+t) > |R(p)| and oaoli of the numbers 

'Bi{Q±i±ig) is pwitive 


C 8 . 2 ) /jV(«OJv(*' 0 Kp(cO. 

0 


2 «-^-r-X-i^p.jV 

" r(pt+i)ri.v+i) 


2 (^+ 2 »)r(A+n) 

KnQ n* 


Fa[— 7i, ?i+7i, n-hl, v + 1, a*, 


&«] 


^ l^{^(^+ 2 a"-X-f*p + l)}l^{~a(^*l' 2 n~-X — ^ 4 * 1 )} 

o*+*"-x+> r(fc+2»+i) 

X F[-l'{/i+2w— X+p+l), ^(/c+2w— X— p+l), (/c+2tt+l)) “ "“j]* 

c 

(3.3) dt 

0 

_ a^. ^ (& + 2 »)r{X+K^+»)} 

r(p.+i)r(i/+i) (ft+n) tti^x 
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wUoro U(/i;+\) >0 and jorgi)) < ^ . 

4 


(3.4) J 


dt 


— ^ ^ 5 (A.+ 2rt ^ j, r_j, /4.., ^4,1 „4.i 

“ r(^+l)r(v+l) 3 q + a , J 

p/” k4'^i + ^'4't\ 

\ 2 y 

w , , „ . 

gK+n+TpKTn+T+X 

SF. r «±»+T±^ "+’\+^+^ 4 t”+ z + H+,,+i, r+i, 

L 2 <4 2 IT 

^i + H + T + l,— “ J 


r(T+i) • 

whoi’o R(t+\+1) > 0. 

(3.5) 

0 

r (t + 1 )!' (T^ + + ** J + it“ 4"'' ) 

x2F. (!±*i±|r-Mi , ^r>l-<h+»}±L ., t + i , <,* ) 

if 0<c<l 


2 

and 


r(/i+i)r(v+i) floo » r J 


«! 


r{^ + ^(/i + ji) — i\ 4* 'il SI* 1 ^ 


T+ A;4*h~— X+ l 
“2 


,/c+tt“\“*T'4-l|/i!4*w4*li ^ 


o/c+«-X+ 1 r(/(5+»+)r{iX+ + !■} 


if 0>1 
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§4 

Smoe 

(4.1) 7c,,(a)r(l + n) = W„,i{2») 

wo have after sottuig and 7c=n in (3) and (1) of M. 

(4.2) . 

= [j,4i«“)K,(V2.»v){J»(V^it)oos«7r 

HTT J 

0 

+yi( V'2aw) sin njr}i>dt> 
wl;iere 0 < n < + j and 

where 0>n>— | 


Bull. Onl Math Soo , Vol XXVII, Nos 3 & 4 (1935). 




20 


The TaRoiiY op the iJlx'rGNaiONAi. Viihiation op a 

BAR EXCITED BY THE LONaiTODtNATj IMPACT AT THE 
FIXED END, THE OTHER END DElNa FREE 

BY 

M Gnosir and S. 0 I3nAu 

Tho pi’oblom of tho o^tonsional vibraUona of iv bai*, /Ixod ai) ono 
oncl and Croo at< tho othoi' and ovoitod by tho longitudinal impaot of 
a bat’d load at tlio/jM oi- tho ytcor/ ond wa^i niudiod by ‘noussinortri * 
following St Vonauts’ mothod of ‘vavialion of iiitogration oonfitant.’ 
In 80 doing, ho divided tlio pornd of dtifabioii iiib) a floi’ioH of equal 
infcorvals, oaoh bohig oqiial to tho tiino fcalcoii by tho loiiglludinal wuvo 
to tmvol ffoin tho Htiniolc oiid and bnokr, Tho method ooiifiiatH in 
omluating tho unknown runotioii by aolving tho Equation pi’omoti-ioo 
tlio obstinaoy of which nioroasos with intorvala. 

It IS found that tho dnmtion of ooutaot, when tho load ati-ilcoa 
at th0/?(3fl ond, doponds on tho mass-ratio of tho bar and tlih load 
But in tho pi-osont oaso, it is oqualto tlio ponod of tho fiitidiimoufcal 
tone 

In a I’ooont papai',t ono of tho anthorfl has oxtondod tho pvoblom 

to tho easo of an olastio load, Htnkiiigat tho /'leo ond of tho ml, mid 


* BoiiBBincsq, Applicnllon doB potoiillBl. IWa RlnHiiciLy, Tiiird Edition, Art 
'282 4dl 

f Qliosb, Bull Oivl.Mnth Boo, 27, ISO (1085), 

J^oiL. f. Angw. Moth Moo., 14, 71 70 (lua-l) 

Tod. Pliy Math. Jour., 3, 78 70 (lOaj). 
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has mado an improyemenfc on the method of solving the problem. 
General exproasions for any interval have been cleduood. 

In the present paper we study the case, whon the olaatio load 
strikes at the fieed emi following the method adopted in the previous 
paper. It is found that, tho duration of oontaot without being 
constant, ohangea with the elaatio constant of the load. 

The differential equation of tho extansional vibration of tho rod is 


8 *10 -s 

8t* 8s“ ’ 


( 1 ) 


where, ‘ly* ig the longitudinal d.aplooement of the bar, ‘s’ tho distanco 
measured from tho free end, H* the time measarod foim the beginning 
of the impact, ‘e’ the velocity of longitudinal wavo propagation along 
the bar and is given by o»=Ea/p, ‘B’ being the Young’s modulus of 
the material of the bar, its mass density and o the cross section 

The terminal oondition at s:=0 is =0 for all values of i. and 

at assi, the terminal condition is the equation of motion of the striking 
body, 

Since the pressure exerted by tho load obeys Hooke’s law, tho 
equation of motion of the striking body of mass M is given by 


= “‘f- (2) 

where, V is tho elastic constant a, the displacomonb of the oentro 
of gravity of the load, and is given by 

2 = w, = ,+^, ... 

f being the compression of the load. 

The solution of the equation (1) is of the forai 

10 = ^Ct~8)+^{o6+6), 

where B and ijj indicate two arbitrary functions, 


TIIROTIY OP rilR E\T«NSIONATi VinHATION ()!■’ A HAll !7l) 

Frain thfl tornunal I'liiHbtiiiii ~ 0 «/ ■> -- 0, llio oqualinn {.’t} mii 
be wnttoii as 

w ~ KO/--.' ■’) . (Ir) 

Noa', from (2) and ('I), \\i\ ha\'c, 

i ^ il)\ , 

M’lioi'o, X=I'bi/c 

Ilonfo iho of]iiati(m (2) bninjuios 

F'lC.+J K':0+ ' , ^ n? -‘M) 

+ r'( K"« a) I -‘.n . (II) 

^\)lPlO, { slaiids lot (/ \-l 

Tlin inb'gL'al <il ilin ni| ((I) ih iilwa^a ol' l.lin Ini'ni 

!!''(£) = ru-'.ih l-V'it-'-r) (7) 

whoi’o q and p aio Uin rnols nf tho oqualutn 

1..-, -n. 

and ai*o ^ivon ])> 


[q, p I - 


' I a/ ' 


(^) 


Wlion 


17d 


M. anosn and s. o. dhab 


M P(£-2J) - ?, 

vanislios, fox!® ^—21) is known in the intoival 

Ifow fioin fcho initial condition, i c , at i=0, ^=0 and z =V, cq. (9) 
bocoinos 


no = - ^ }, ... (10) 

CfS 

wllOl’O P ~ 

Duiing tho xntorval bl>^>Sl, wo liavo fiom (10), 


ru~2i) = 

... (11) 

Now from the oonclition of continuity of ^ and ?, at 
with the help of oq,, (11), becomes 

ot=2l, oq (7) 

no = B''«) in oq (10) + .^-[|2-/3> + 2/35(£- 


_ ^2-jQ»-2/3j (S-3o| j 

- (13) 


In a aunilai’ manner F'(Q for higher intorvals can bo oalciilatod 

F(^) oiin be easily obtained by integrating F'(^), and the constant 
of integration is to be found from the condition that there is no sudden 
change in !<’($) at s=J at the beginning of each interval. 

From eqs. (2) and (5), the preaame exeited by the load, is 

P = -lt)a[P'a -F'i£-20] ... (l.Sj 

So from, oq (10) the pressure during tlio interval, 3f>^>/, is 
given by 




( 14 ) 


f'''’ does not occur duiing this interval, 



THliOKY OF TIIK raKNSloNAFi VimiAlMnN Ol- A MAH 

l?iom oq (13), (l-i) boomuoH fni* Uni iiiloi'viil 5;>(,>.(/ 


17.0 


P, =rj ineri. (Ih- 


2/.V« 

/i' 


'>1 1 q/;,y c/ 3/)}- 




(11«) 


Now wliGio € IS lai^u ctnnpaiotl willi I'J, w<t liniii 


I 





whovo , (tqnal to tlio latio tit tlin iuush of Mui loud to llml. 

of tho bar 


In tho oaso of tho rigid ItHul, i c - oo, in iii]h (10) iunl ( 111 ) 
and tho pv'osHiu’O luul 1’, as givtm in nqs (I 1) lunl (1.0). Im'i’omih 
ulonbical with tlioso olitainod liy llouHmnnsq. 

Prom oq (8^ q and p luicomo itnnginai'y wlion « 'vlit'it 

tho luunmoi’ is liglit and Hotb, and oaii lin wiiMini ns 


it', 

yje=/A~tV, 


(IV) 


wllOl'O, 


21'Ja ' 


Mti* 


c* 


Ilonoo wo Imvo, 


Pi 


pVo jxcl 
Ai' 


Hill n'/, 


M (IN 


till) 


l\ = Pi 


111 cq (30) — 







( ilur* 

^ Min I'ft/ — 3i!) 

\ V J 

2Ai. 


. . (a^>) 
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Duialion of ton/act 


Thu duiivtiou contaub <& is usually durmccl as bhu posiLivo loufc ut 

Llio pi’QMUie £u«(-iion oquatod bo -sovo 
Tho piossiiiG ioinnnabos dining the 
lu’si iuboiv.il, only when q and }) aio 



I 


I 

ct- 


21 

-¥ 


by d>; 


TT 

VC 


M— lUOgraa , 10 =10' " dy/cm* , 

P=85gm, «=1, Y = 60»'!n/8CC 
r=10 cniB 

F]g 1 e-=oe, UiQrd load) 

.m-i. 

Pig 8 5/35 = 01, e/Ba<4Ea/Mc» 
case the duvabioii of confcaert is 


iiiiagni.uy and ih given 

'rins 18 the lowest poeitivo I’oot of 
tho oq (20) equated to /-eio In all 
othoi cases tho piossuio toi minutes 
at highei upoohs doponding on tlio 
olastic constant and tho mass ratio of 
tho load and tlio hai 
It 18 easily 8oon fiom tlio above 
piessuio equation tbab, in tho case ol 
a haitl load, the dvuatioii of contaob 
18 uuiistant and IS equal lo 'Mjo At 
f=0 tlio pr&BSuic takes a sudden 
jump by fiVo 1) It thon falls 
oxponontially In obhei oases (ligs 
2, d,) tlio pioHHiuo oontuniously in- 
cieasus, attains iv maximum value and 
thon gradually falls to /oio Tho 
time ac which pi essuro falls to mo, 
depends mainly upon the olaslu 
constant < of tho load Tho adjonnng 
ouivos (ligs 1 Lo 3) have boon diawii 
by taking a oonciobo oaRO oi colliBion, 
to illuflliato the thieo typical cases 
of impact It IS quite oloar from tho 
mu'voB that in the case of olaetio 
load the duration oi contaot is always 
gioatoi than 2Z/o except whon tho 
load 18 light and soft in which 
less than 2//f 
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A NOI'M on Tiltil VIURATIONH ON A OUIOULAU RING 

HY 

S CillOSlI 

'i’liu ho(j vihi'iitioiis of a roll which, in Uio inisk'osscil staLo, forma 
a ciu’uliir luivn boon tbsoiisscd fully hy novoial wiitois* affcor 

thu 'bofatoiy uiuL'bia’^ bovins havu boon iio^rh-ctod lioiu the equations 
eif inotuni I'lia iTtoution of tluwo tinms, mtioilucos no gi-oat oomphca- 
tioiiH ui Ihi! piobloui ami .lUhim-^h tho corvoctioii to bo applied 
to Uu) pm Kill of vkliratums of rings of orditiaiy dimensions, is 
iiiappi'omabUi fiu tlm gi-avor modes, it is uovoitheloss as impoitant 
IIS l’o(}lilminmoi''H conootion to tho poiiod of vibrations of straight 
liai’H Tho prosout notu la mtondud for tho o\amination of this 
roiiortuin Ui tlio ]ioiu)d of vibration, dm> to rotatory inortia, and 
it m found that, as tlio luiuibei of wavo longlhs in the uii oumfoienco 
iiioruaKos, this ooueotiou iimroasos iii impoitinoo ui tho (luxaral 
vibi'iitimiH, wlulo it IS Hiuall and romaiiis piactioally stationary foi 
lorsiuniil vibiatioiiH 

If a bo till) ladius of thu ovosk sootion ol tliu iiug and a that ot its 
uuiitiul Iniu. thu uquatioiiH of inotiun aio| 


+ 'J’ = 

a ■« 

via , 

do 

Ql* 

aw' 

8 

do 

’"“a/-"' 

- 


dO 

a/’ 


“ Noi foil roloioncQ, hco Lovo'u Rinstloity (4th oil ), pp <iSL-B4 
t 1/ove, loo. nl , p. 4(51 
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8 anusu 


and 


00 


+ 11— = — 4’Mo’ 


a“« 

ai’80 ’ 


IT-- 


eii 

80 


-a 






)■ 


wli oro 


_ ISjrc‘ /9*« , 

^ \d0^ '60 r 

Tr _ ftJTC^ / 8t) . 0^ N 

- aJ5- 1 8^ +'* W > 


the aymbolfi having tUeii' usual meanings. 

The condition for inoxfconsibility of the ring is 


.. C^) 


... (3) 


it =: 


0«» 

eo 


... (‘i) 


Moxuiol vtbtalions tn the piano of tho nnij. 

Eliminating T and « from tho fiist and third oquaLions ot (1) urnl 
equation (4i), wo have 


d*N 

00* 


+N 



( 


d«lt) 

00» 



(5) 


Also from the second equation of (2) and tho soooud oquiition of 
(3) and equation .4), wo have 


N = 


Etto* f d *19 , 0*w\ ,mc* 0> f d*to , 

wy’^4H" 


(0) 
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Substituiuig from (6) in (5), wo got 


NttC* 

‘ia> 

( 9"**^ 4,9 

6 

QO' 

d^w 

) 


9 ’ / ... 


\ , ntr* 

a* 

= ina 



) “b 

/ ut 

a/“ 


( 9“'" -1 w) 

\ dO^ ' d0'‘ } 


Assuming Uial- 


u. = (M 

wlioi'o n la an intogor, wo liiivo 

= ,.»(»■ Hljfl + 'I’’ 1. 

4Hm‘ L m'' I I I 

wliioli gives 

IW nUn^~irr. . , -- ‘I ■ 

^ I'HUt*' + 1 I ' «• I I n"* I ’ ' 

Noglooting c^/n^t wo got IIih>|>o’h mpiufiitn 

^ Urn' 

‘ ‘ima* ^ 

Tho oiToot Ilf I'oliitoiy inoitiii ih tliiuDroi’i* In nmi oi’m' I }ii< 

{2nlp) of vibration of tlio ring in tlio iitlio 


■ ‘(l" 

Now ivH tlio fratiLioii (n»-l)V(H* l-l) inm .nuom »i|ti 

it follows tliat tlui iilloot boctnium utoio uml iimi'o iimi’koil m i» iiii'iimou'') 

Tho following tiiblii givon Uio iiioiciiihmiI por fiinl in rim p<>ii...| nl 
vibration of a ring for wliuili o/n XjUi 



ji ! 


{| 

1 

A 

n 

In remont 
poi coni 


fl 

! t. 1 


» 

1 ' ^ 

' i 



I'or tho giavor moilos, tho ronuotniii lo ninirly iinn-ii'^ilih'. Inil ii 
bocoraoa appiooiablo as n iiioiou«oh. 
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Floxu)al vibiatioii', at tight angles lo the flane of the ting, 

Elimumfcing N' bofcwoou tho second equation of (1) and Lho fitsfc 
equation of (2) and thou substituting foi' (1 and H fioni (3), wo got 

Rtto^ ( ^ 1 . ^^0* ' ( 0^ j 8 

‘tma‘ \ "6'^ 60‘ / V bO' bO^ ) 

(v~\ .. (11) 


0^' 


Substituting fi’oin (3) in tho last equation of (2) wo have 

4ma‘ \' b0‘ J ^ I 00“^ 00' ) 

„ 0^/3 


- ^ 


( 12 ) 


n* ar 

Assuming that 

V = V‘o«t«^*+2’0, n/3 “ + 

wlioro n IS an integer, wo get 

Eliminating B : V between the equations (18), we got tho fi'oqnoney 
equation as 


(13) 


[n* + 

I”’- 

/, , , n^o’‘ V 4ina''p® h 

~v A "7'w 1 

0 

E ' 


' 4ima*p^ \ ”1 

, EttO^ - j j 

(14 


Simplifying tho equation and using tho lelation E/2 /a=: 1 +fr, wo got 

n^(n^-iy 

^ ^ ^ ‘ /L ’*«’'+l + o-a* \ Birn' /J\ E7ro-‘ / 




(15, 



A NOTE ON THE VIHOATlONS OP A OIROUEVR RING 181 

If WO noglocb WO gofc Micholl’a fi-equonoy aquation 

— 1)2 

]W,‘ •• (16) 

for noxural vibrntions at nglit angloi to Iho piano of fcho ring 

If m tho lorn,, oonlMm.iK o*/®' n. fwlor, wo for 

appioxunafco valuo, wo got ^ 

(«* + i-Ho-j» a* ■*' M»^,lq.o- 


= r I ~ \ __ A (^ + 0-.%^ 02 -1 

I. a* ^ (n’+l + o-)- (17) 

Tho oJtoot of rofcatoi’y uiortin is thovoforo to inoronso iho ponotl of 
vibration of tho ring m tho ratio 


(24*o‘)*n‘ 

(»*+l+«r) 


i‘ To* 

r)* J «* ^ 


HO that tlio oorrootiou (n tlio period Imoomoe groatpi* and groator as n 
inoroasos. 


Tlio following tablo givofl tho incromont por oont. in tho poriod of 
vibration of a I’lng for which c/a =s 1/ZO and (t=s 3. 



For gravor modon, this oorrootiou is amnll, but tho poroonfcago of 
moromont is muoli groator than in tho onso of (loxnral vibrations in tho 
piano of tbo ring 


'Ibisioml vibyaliona, 

Jtofcurnmg to tlio oquatmn (15), lot na study tho short poriod 
vibrations. If wo writo tho oqnation in tho form 

[(«•+!+.)( i+v’>;f) + 

u 
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+ 



]D7r(3‘ 


> 


(18) 


anti neglect squares and pioduots of (Ea-o*)/(4}}ifi*p®) and c* /a®, wo got 
as a first appioximation, Basset’s frequency equation 




(19) 


for torsional vibrations of tbo ring 

For a second approximation, we substitulo tin’s value of p® in the 
terms neglected in the first approximation, and we get 



— fl j.i + , n®(«®4*l-f-<y«*) 

L (w^+l+tr)® «« + l + cr 

= i(l4.o‘)^ri - 4 o_®-| 

^ (n*+l + (y)®’ a«J 



( 20 ) 


The olleot o£ rotatory inertia is thus to docroase the period of vibra- 
tion in the ratio 


1 • 1 — 4 (2-f<r)”«* 

(«® -f'l + o-)'' * a® * 

Since «'*/(»® + l-}-(r)® is less than 1, the correction per oont, is less 
than 


25(2+cr)>£l 

a® 


The following table gives the oorreotion per oont. in the period of 
vibration of a ring for which ofa = l/lO and 0 -=: S 


n 

1 

2 

8 

■ 

1 

6 

B 

8 

9 

10 

Eimimition 
per cent 

26 

■8 

B 

i 

E 

12 

12 

18 

1‘8 

1 
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On tub lRHi3Duoini:ii3 invauiants and oovartantr system 

03? TWO QUATBIlNAllY QuADttlOS AND TWO LlNKAU 
CoMPJjEXBS 

KY 

N (JriATTEUJLB AND P N DaBOUPTA 
{ GomviumoalGd by S MiiKltoyadhyaya) 

Inlioduction 

By tUo iiao of oomploY HyiiibolH Woitxoabtiolc*' lias oonsiclorotl Lho 
luvo-nantg and oovariaiits flystom of a qnaloi'iiary [{nacluio a'iHooiatrOtl 
with two linoai- aomplovos Ifrom Iho viow-point of a Propai'ocl 
Syatom TarnbuU Ima diaoiisRotl tlio oonoomitaiits of a syatom of i% 
Linoav comploxog f- Tho oomploto Hystoiu wluoli iiioludos liiioai- 
oomploxos and mixed conoomiUnts of a (iu,iiU-ic with two liiioav 
oomploxos has boon disousaod by one of uh o1how)ioi*o J Tho pi'osout 
paper deals with tlio invaviauta audcovavianU ayntoinof two quaternary 
quadrics assooiatod with two linoar oomploxoe. 

Niitalion ^ 

1. Tho symbols .u, «, p donoto homofjonoouH oo-ordnmtoa siioh 
that 


<0 = f®u a'a, lOfl, {point oO'ordluatoH), 

K “> «ii «ii, «ai "j. {piano 00 ordiiiatos), 

V “ Pn> Paajpia»Pu} iIbv (Inio 00 ordinates), 

lllj, (Ba, il'a, <0i II , 

yiJ Vit Vm Vt 


* “ijiiin Syatotn oidob linonron Tvoinploxos uiid oinor h’lflolio <swoitor Oi'diimwi" 

JournfiUOrMatli., 137 (lOW), OS-SH. 

t Das Oupba, Proo. Dond Math. Boo, 8or 3, 31 Pint?, 
t "On tho invariant theory of rnlxod quatorutry foririB,” Proo Loud. Math. 
Soc., 8or. 9, 25, Parts 4 and C 

§ This notation and its applioations aro inoro fully explained In a paper by 
Turnbull, Proo. bond. Math. Boo., 2, 26 (1020), fl0a«a9?. 
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wliero y 18 cogrodiQnti to w, and 

Piji = 

Also a, = aiiPi+aji^a+aa^a +^j.‘^'v 

The quaclviG is donotod by 

/=:«»=a'*=a"2 = .,., 

where a, a', a'* ...... are eqttivalon6 symbols, tho ofclior quadrio 

S t j j 11 1 !Bj has ooiTGsponding implications 
In what follows A=aia, , a=aa'a" , 

i i3=5fc'6", 

fciioh that = (aaW") = S(a,a'Bft"8«4"')> 

tt cletermiiiant of tho fourth ordor and so on 

Tho linear complo'xes avo denoted by (ICp), (Lp), «• • I'bo 

00 oflioienfc K is raprosontod by two symbols 7i,p /I, both cogrodiont 
with a, so that Similarly, A=a, a', oto, 

where eloments a, a!, by h'yk^,k^y .» avo of ourmioy ono , oontragro- 
dionfc to A, K, ai‘e A, K, ... wluoli aro oaoh of oiirionoy two , wliilo 
oonbragredient to a, b, ... aro tbo symbols a, ft, wluoh aro oaoli 
of currency three. 

Lot 

(KL) = j + B + ICj jLjb +K|, + 1Cb j. 

Similarly, lob 

(AB) = + ... +A8.B,„ 

where Aij= o'l , Bg^ssoto, 

«a tt'g 

Besides tho usual brocket factors cortain compound faotox’B aro 
useful 0 g,, 

(bKAoi) IS a compound faotor auoli that 
(tKAio) = (&K;ai)(a,a))“(&Ktia)(aifl:) 

= (tICaj) (aa«), whoro dot donotoa dotorminantal 
permutation 

= «„(6Kai)(a,ni) * 

Also 

(6KALMu) =: Oa(bKai)(aaLMflj) 

= 0„0„(6Ka-i)(asLni-i)(mjai) 

« Turnbull, Proo Royal Soo, Bdin,, 46, (1020), UlO m, 
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•whoro donotos a sum o£ four toriuB obtftiiioil by poi’mulnig a-i, 
and Wi, Wa indopondmitly wiUi proper signs. 

Whore tho ond olomonts are of ourroiioy two, tlio brackofc factor 
IS such that 

(AKLMNQl = (aJCTjMNQa,) = 0„(rt, KLMNQa,) 

2. For tho purpoBO of dmoiisHing proporbios of tho bmekot facbois 
the following identities ai'o fundamental:* 

(nlCAa) + («AICi) = — (AK)^^, 

01 , more generally, 


(wKATiMu) + (wATCLhliu) = ~(A]C)(»LM.u). 

(1) 

(wKLhtiT.'u) = 


(2) 

(uKLLKv) = 


(3) 

(.iPQlla) =3 

-(.iQinU) ~ (oQUPx) « Uto 

(4) 

(AKhN) = 

(aiKliKa.) 


s: 

-(ICb)(NA)-(liN)(KA)d-(ICN)(rjA), ... 

(5) 


wlioio A = a,aa* 

Thoso iduutil/iOH have boon proved olsowlioro t 
Tho pioofs are roproducod boro 

Vioof ofulotUUy (1). 

(ifKALiyt,c) = 

= ~(AK)(«i:iMa;)-(HAKliMa;), 
where A s= «,a„ 

J?7 0 of of idmlUy (2). 

(uKhUm) = I2,,„(»ia,)(Z,Mtt,){n,u), 

== -CfflNMliKtt) 

Idoniitios (8) and (di) follow immediately from (1) for a factor of 
of tho typo (a5iU') =3 —(.uJli,) e= 0. 

Identity (6) is proved in a similar ivay. 

* Tiunbull, Theory of Deteiminanbs (1938), UlO 213. 

-f Tarnbull, Proo Lond. I^alb. Soo., S, 25 (1020), 308 32^. 
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Piopared System 

3 To render all convolutions of oonvonient forms explicit, a 
aystora of aymbolio types liaa beon evolvocl to which tho immo 
Prepared System* has been given. By the fundamental tliooiem, all 
concomitants aie capable of being evolved out of braolcctod factors 
of the simple typo («,), (AK), (aK«), (aph) or of bracket factors of 
the compound type (tKAai), (aKLa), etc. Since wo aie considering 
conoomitanta of quadrics, eaoli of tho symbols a, A, a or &, B, ^ in a 
concomitant form must occur twice These are quadric symbols It 
IS not nacossary to braoket two quadric symbols when they occur in 
a compound bracket factor to pair tho identical symbols in another 
compound bracket factor for they may appear separately in other 
biaoket factors simple or compound. It should be noticed that when- 
ever a quadric symbol, og , a occurs in a concomitant, the variants 
of that symbol, eg,, a, or a, or«, should be lakon all oqinvalont to 
a, The complete Prepared System for two linear complexes (Kp), (tip) 
and two quadrics al and 65 is given in the following Tablo A It is 
nooossary to note that no forms could contain for as soon 

as four eqiuvalont symbols arc found togetlier, similar combination 
Qan bo made by collecting together the symbols a and a from tho 
remaining portion of the concomitant providing for aj which itself 
18 an invariant. Similar oonsideiations preclude tho inolusion of 
a and A symbols of tlio same quadrio of ourronoy ono and two for 
they might oome together to give a quadric symbol o of currency threo. 
Tins explains how factors of the type (a, ..a), (a ..jSj aro admiasiblo 
while factors of the typo (aKA^), (aLA) are not admissible. Whore 
there is a bracket factor involving one Imoar oomplox, s,y , K, the 
oorrospondiiig form with the complex L is not raoutiouod with a viow 
to avoid lepetition, for in this paper wo oonfino oiirselvos to tho 
consideration of representative forms 

We use the numbers 1, 2, 3 to denote the quadric symbols a, A, a 
reapootively whilo i', 2', 3' stand for the oorroaponding symbols 6, B, ^ 
for tho second quadric. The forms ai-o listed aocoiding to convolution 
of quadrio symbols. 


* Turnbull, Proo. Loml. Moth Soo., 9, 2' (1922) ami 2, 26 (1920), fl03 55?-, also 
Theory of Deterininanta (1028), 210 212 
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Table A. 

Tha Prepared forma for the conoomitanfcs> in gonoral, for two 
qiiaclrica and two linear completes. 


0 

(KL), 

(KK'). Kp, 

1 

«», 

(ftlOi)' (rtKIi*). 

1' 

ft., 

(i)K«), (6KB*). 

2 

(^P)i 

(AK), («KA»), (aKALji), (nKAL«) 

2' 

(Bp), 

(BK), (itKBff), (iuKBLc), («ICBLm) 

3 


(«KLa), (aIC»), (aKlrti). 

3' 


(wKL^). ()9Ki), ()9KLn) 

(11') 

(apft), 

(rtICft), (aKpL6) 

(12') . 

(aBw), 

(rtBKr). (oKBIik) 

(1'2) 

(?jAw), 

(6AK0. (ftKALtt) 

(18) 

(fipKa), 

(aKLa) 

m 

iW). 

(6KL/3). 

(180: 


(ftKL/3). 

(I'S). 

ft«, 

(6KBa). 

(22') . 

(All). 

(«ABt), (mABK«), (rAKB*), (AKBB), (wICABLu). 

(23'}! 


(wAK/3), (aKALjS). 

(2'3)! 

(■cBa), 

(^iBKa), (aiKBIia) 

(33')! 

{oli(3), 

(op^), (aKpB^) 

(12'1)! 

(aKI3Ltr),(apBLft). 

(1'91') 

(ftlCABi!)), (bpATi&) 

(12'3) 

(oKBa), (npBa). 

1 23') : 

(ftKA)3), (ftpAjS) 

t32'3j 

(aKBLa), (apBLo). 

(3'23') 

(^KAL^),(y9pAL^). 
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4 As in the pi’eacnfc papot* we con fine oursolvos to tho considera- 
tion of invariant and oovarianb forms only, it will bo soon that tho 
Prepared £oi‘ma, wo shall Irnvo to doal with, will bo limited. In 
subsequent work, wo denote, by the mtrodiiotion of undorlines, forms 
which involve both complex symbols K, Ij Thus, for instanco, if by 
(1) wo donoto then (1) will denote (aKLaj) Tho following Tablo B 
will indicato oloavly tho notation used in tho subsoquont work in 
oonnoebion with bracketed numeral factors. 


Tatw.r B. 

Tho prepai’od forms for invariants and covarmnts for two quadrics 
and two hnoar complexes. 



a) = (aKM, 

{V)=h., fJ/) = (i.KLa!) 

(a)-(AK). 

(_2J = (a!lCAi:iii), 

(2')=:(BK), ® = (.rKBL,l'). 

(3) = (alia:) 

> 

(8') = (/3L»). 

(U0 = (nK6} 



(12')=:(«KB.t) 

> 

{r2)=(iKA,r). 



(1'3)=!.., (r8) = (6Klja), 


a^=(aKLa) ; 

{l'_3;) = (6KL^) 

(22')=:(AB), 



(23') = (fliA^). 

C» = Ca;KALj0). 

(2'3)=(R,Ba), C^l = (rt-KBTja) 

(33') = (aK^h 



a2'l)=(«31BLfl] 


(l'2r)=(&KAIi6), 

(12'3) = {aK:Ba) 

j {l'23')=t6KA/3). 

(32'3) = (aKBIia) , (3'23')= (/3ICAL^). 


From this Table B, a complete 'ayafcem of invariants and oovarianba, 
including all irreducible forma and aome redundanoies, is at onoo 
written down We now proceed to a diaoussion of the formula) which 
enable us to reduce some of the ooncomitanta, 



IRRRDDOmrAil INVAIUANTS \NI) COVVUT \NTfi HYSl'KM 


im 


RctlneibiUly, 

5 TnconiiiM hlcnUbf fotnwlm by tupansum ran alwiniti hit 
atlenpled Jjoni tho jnoilnd of two Inach't fuelois whrn any two nj /!w 
fom 0H<i olonionts ato thstinot and Ikon omtannv'i iidd In Iwn <n ■»/* » , it 
betiig prooidcd that «>i end olonmit of inmmcy nm' I'lkii hn ii/fijchod (n Jim 
adjoi-nuig olomnt of giado two to foim a oompoitiid sniglo I'h'nxnnI of 
curion&y thieo fo) the puiposo of tho pxopoml oipan-tum 

The ill at part o£ fclio above theoi'om Iuih boon noli "(id (iIhcuvIioiuj,** c 7,, 
lb has been ahewu blial whoiouaiid i. are bitlli ot ciirrotioy ilmui, Uio 
foi’in 

(wKLaiiMNQA) = (»Krm)fiMN-QX)--(HKliiO{«MN'Q\), 

and again, 

(jiKbai JtKQA) = ■~(ali.*)(»KMm2\)b(«fCtO(»*ljMN'tM) 

+ (««. KliMNQA) 

lEonoo wo gob fclio idonbity 

(KKLa)(ri[N'QA) — («ICIia!)(a'ArN'Q\) = — («hii) »KI\rNlJ\) 

+ (uIC«)(Hrj&rNQ\H.(«u.. K)iMN(^\) ... (IJJ 

Agaip, iC fclio paired olomoiifcs are of ourronoy ono onoh, wo havii 
(uKLiil fia.NPQy) = («KI.M/*)(«tn'Q,i) 

and again suico 

(TtiaM.iifl.N'PQti) K ~(6M.O(«KI.NPQiO 
+ («TC.6« InUNI’Q/j), 

wo liavo an idoufcil.y 

CHKUI.6)(«NPQu)-(i(KTiMa)(/)NPQu) t:. ■-{6i\rfi)(aKl,NI'Qo) 

Wo now pi'ooood to nIiow Hint uXj could bo pain’d In hnUavo mi mm 
clement of ewicnoy Unco, 

by pormufcafcion (n JilNPrt)(a)QHiS4.) 

= tt a Mr»,)(«,prtK'7,)(7aiiHn) 

" 1 " « ''1*8 

I ** g I 

* Ena Qiipla and Tiu'nbiill **On Hio coinplolo Byalom of Tainonr OoinploxoB," 
Proo 'Bdln Malli. Soc., liiao, 01 70, 

26 
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= (aMQaS.)(<-NPa)+tt,(aPMtQRS.i)+(ffgim9NPa){a3mi)(7aTlSai) 

= (aMQRS«)(a;NPa) +«,(aPNMQESjj)+ ^^^{Maq^'N?a){q,mx) 

= (aMQRS.«)(a:N'Pa)+a,(aPNMQRSa!)-(ftNQBS.u)C»MPa) 

+ (-MNft)(nPQR30-(a:MlfQaSO(ttPa). 

Ilonco 

(ni[NPn)(iQUSj) = (aMQESi8)(.t'NPa)-fl,{rtPMNQRSa3) 

••• 

Agfiin, using compound notation wo got fclio same result symbolically 
in fl. few a tops, tor 

(aMN aP/e QRSO = (aMNPa)(®QEBx)-(aMN.i)(rtPQRSi) 

The left hand member is again equal to 
-(aPN <i)(a'MQRS . ) + CaPMc)(aNQU8j:) + (aPa)(.rMNQRS f) 
-fl,(aPMNQBS»). 

Henre we have 

(aMNPa)(.CJHSc) ~ -(«NMa)(aPQRS»)+(jNPa)(aMQRSa!) 

-(cMPa)(aNQBBo)-a,(aPMNQRSj)) ... (9) 

Tt 18 readily seen that the identities (8) and (9) are one and the 
same, This establishes the theorem, 

6. (oKBw)('’A'i3) roduoiblo or syvihoUcally (12'3)(23')=0. 

Pioof . — 

Prom tho two-fold expansion of (aKB. a'// A/9) in the manner 
indicated in § we have 

(£(KBa)(t A/3) — CaKB.i;)(aA/3) = — (aBa!)(aKAj9) + (aKii)CoBA/9) 

+ A;8) - a/aKB A/3) 

which shews that (aKBa)(atA^) la roduoilile 

7 (aKBa)(fKAL^) %s r&hiabU oi si/m&o?icaUy (12'3)(23')=0. 
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Ft oof • ~ 

From the two fold o'cpanfsion of (aKB ajx KAIj/3j in the mannei 
indicated iii § 5, we liavo 

(aKBa)(.KALjQ) - (aKBa;)(aKAX,^) 

= - {aBi,)(aKKAB^) + (aK . ) (aBKAL/3) + a^{AiBKi\h^)-a, (alCBKAL/S) 
from vvliioh it is evident that (aKBo)(aKAL/3) iq reducible 

8 agCaKBLa) = (aL/9)CcK:Ba) + (tKj9)(aBLa) 
or symbolically (13'){^3) = (33')(12') + 3'(12'3). 

Pi oof 

From the expansion of (.cKBL a//S. a) in the two-fold manner 
we have 

( iKBLa)('jSa) — (irKBIj/3) (act) 

e —(aD/3)(aiKBft) + (aB/3)(aiKIjo) — (i;Ka)(/313Lo) + (jiE^)(oBLa) 
from whioli we get 

(.uEBLa) = (aL;S)({BKBa) + (a!Ej8)(aBLn) 

9 (aKLu)(bLA)8) = (aL6)(iEAL/S) = (6LAi!)(aEL^) 

or aymboUoalhj 1 (1'23')=(11')(23')=(V2)(13') 

Pi oof — 

From the expansions of (iKAL. /3/La. 6) according to §5 we have 
(.iKAL^)(flLh) - C®KALBa){/36) 

-((8LLa)( oK:A 6) + Ci8ALa)(ajKL6) + (®K/3)(«i:iAL6)- (■« KDa)(^AL6j 

from which we obtain 

(*EAB;3)(aL6) = (oKIii!)(6LAi3). 

Again, from (£1 jA we get 

(/)LA,i)( /JBKa) - (6IiAi3)(a^LK«) 

= - (aiA/3) (.bliljKa) + (xli0) (6 ALKa) + ft. (^LABKa) -6fl(jiIiAIiKa) , 

which yields the identity | 

iblikx)(aKh^) = (aKLa!)(6BA^) 

10 (ciKBtt)(aL6) = 

0 , symioUcally (ll')(12'3) = (1'3)(12'1) , ' , 
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Pi oof — 

]?Lom tho expansions of (aBK afb Lfl), flocoi-cling to §5 we liavo 
(aBKa)(ljTjft) - (aBKb){a\ja) 

= — (aK6){ftBJjn) + (aB6,(aKLa)+(rta)(bBKLft)-(ai))(aBICLa) 
whicli yields (i!iKBa)(aIjb) = 2ia(aKBLa) 

11 (aKDLa)(i)a) (aL6)(aKBa)+(£iKB)(ariBa) 

07 syniholically (1'3)(12'1) — ^ (ll')(12 3) 

Vtoof — 

Bi’om («IC13L.a/l) q) by fclio two-fold expansion of §5 wo gob 

(«KBLn)t&,)-(nKDLi «„ 

= -(aI/b)(aKBa)+ aBb)(»KIi“) + («K«)(^'BLa)-(fiK6)(aBLa) 
li'oiu whioh wo aio lod to the oiio-way identity 
(r3)(l2H) — > (ll')(t2'3). 

12 “The fl— a bhoorem” 

{a FQo) fo/iXaBo-) » (ftPQo',(a(r)(aB/)). 

This 1ms boon noticed okowhere’^ Tins tlioorom onablos ua to 
effoot numeroiia roducbions of wMoli tlie following aro typical — 

(?) (aKLa)(aKIiii)(aK(») 

= (aKi:i«)(a/KL«)(aK/«) 

= (aKXja)(a,)(aKKLi) 

0 

(^^) a^{aKx)(aljb){aKP)(b'KJjp) 

a,(aKaj)(&/L(i)(^K/a)(bKL^) 

= a,(alCi>)(6J(^KLa)iI>KL/3) 

13. The reduction and eq^uivalenoe fomulao, obtained by pairing 
the prepared forms two and two, ai'o exhibited in Table G annexed. 
In the Table C blanhs indicate oases where no convenient formulae 
could be obtained, the notation = 0 denotes reduoibility, = denotes 
oq^uivalence and — ^ denotes one way identity. 

* Das Gupta and Tarobull, *' Ou fcho complete eystem of Linear Oomplexoa,” 
Proc Edin. Malb. Soo ,1939, 01 VO, 
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m 


Application of ilio results %n Tahlo C 

14 I*'iom tlio rosnltH in Table 0, it ih posHiblo to goi ui Mui 
place oC two hicLoi's two othoi' faotois one of which may assoi'iato witli 
a thud factor to give cither a eoiupluto coiicoiiiitaiifc or in coiiibuiation 
yield fuithor oquivalont foinie 

Illustration B 

(i) n,(-KUL.)('‘Tj/j)(iAI.&) All) 

== o/&KLv)faLIl-)'tALft)(AB', mneo 2'(il 
= «,(6ICL0 oTyOC-ALll^KAB), nmeo (l2'){l'a)=:(U')(U:i') 
=: {) 

(Ji) ((tKntt)CrtKrii)(«K(i.) (iRiaKft) 

~ (aK I ij”) I, 

Hiimo i(i2M)=(i;(j(ia'; h:i{iii'i) 

= («IC. )(nH\if})iaKli„)ap{aKna), 

Hiiice 

- 0, Ninco (12')(ia't)™D. 

(ill) (ttK.)(/3Kf)(uKb«}«0 

= (uK/3j(/3Ki)(fTK[ja)(rt,l, by §1U 

r= ((xK^)(ttTCr)(£(Klj^)ft,, BiiK-o 
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15 In the following iriednciblo list given m Table D, only 
typical lepioaenbativa forma have been listed. Thus for instance 
wheiQ one complex K has found place, wo understand that there is 
another similar form with complex L Or again wherever forms are 
symmofciical with regard to either qnadiio, only one of the two has 
been retained, e [jr , of the two forms 

a^(6rCW])((tK6) and (nKLuj6,(ftK6) 

the foimer alone haa been retained 

Another point to be noted la that this hat oxoludos the mvaiianta 
and covauants alLoady given by Das Oupta m “The Suniiltanooua 
BTstem of a quadiio Buifaco and two Linear Complexes “ {'Pioo Lend 
Math Soo, Sor. 2,Vol 31, Part 7 and by Tuinbull, in Proo Lond 

Math See, 2, 18 (1919), 


Taiilc D. 


Tho ivrocluo.bl(. uirauants and oovai.anta of two quatornavy quadnoH 
asaooiatod with two linear complexes. 

1 14 Invauants — 


(AK)(nK)(AB), 

(aK6)fip(aK)5)J)o , 

(nK(0ffsC"K/3)(tKTja) , 

(nK61flfl(i>KL/3} , 

(nK6)(aKh^)(;'KL^) ; 

afl(aKLa)(aK/i) , 

(aKLi3)(aICLa)(aK/3) , 

(ttKBLa)(BK) , 

(alCBLa (A.B (MO , 

(aKBa)(BK)(aLt)f»a , 

(uKBa,(BK: «p(aK^) , 

(aICBa (AB)(A.K)(aK6)b„ 3 

(aKBLa){BK) , 

(aKBLa)(AB)(AK) 
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Table D-— 


121 Oovtii’iants S— 

a,6,(aK6) j a,(&KLo)(aK6) , 

(flKLr)(WCLa!)(ftKb) } «,6,(aBKx)(i’lla)6^ , 

(aICLj))&,(aBKe)(uK;nLa)6„, o,6.{(iBKB)(cKBLaU„ , 
(nKLa))6,(aBK:«)Ca,Ba)i„ , a,6,((fl(bKL/3) , 

fl,b,(aKL/3)(6KLi3) , a,{bKLx)ajtibKL^) , 

«»&.ftp(/3A.ii)(AKA.ic) , a,(6KLa:)aB(/3A.)(W<A«) , 

(rtKLiB)i,rtfl(/3A«)(6TCA4 j (oKL^){6ICIi®)fefl(^Aa3)(^)KAI') , 

tt,6,ag(iiA/3)(AB)(oBa)^v J a,(6KL«)ap(a3A/3)(AB)(®Ba)!)« 

rt*ii,ftfl(/3Aa!)(AK)(BIC)(rBo)&« j 

rt.(WCIia.‘)ay,(j8A»)(AK)(BK)(.'Ba)fc, 

«,6.(aKL/3)(«K/3){6KLa) i 

a,(6KLii)afl(aK/3)6„ j a,(&KLn)fln/aK/3)CWCLa) . 

o.&,(aKLa)6^ } rt,6,(aKLa)CWCBa) , 

{aKLf)&*(nKlja)&„ ; a,(BK)(aKb)(bhAv)(AB) ; 

a.(BK)(aKb)bJaK/3)(/3AxXAD) , 
aXBK)(aKb)(bKU)(aK/3)i^Aa>XAB) , 

a,(BK)(aK6)^<aK,.')f/3Kffl)(MB)(AB) , 
(ftKL«j)fBK)(aKI))^faK«){^C»)(/3A»)(AB)j 

rt,(BK)^aBKa) ; ff,(«KBL.r)(ftBICni) , 



26 
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Taw-k Vi-^icotitniuod), 


i(aKLa,)(BK)(rtBKi) . (aKLu)(a,KBM(flBKO / 

«,(®K)a0(/?AO(AH) , a,(BK)afl(iKAL/3)(AB) , 

j(«ICLa!){BK)a3(/SA «)■ AB) ; a,(BKUnKL^ (^AO{AB) , 

fl,CBK)a^(/3A,i)(AK)6,6>Be) . 


(aKLD)(BK)«fl(i3Aa!)(AK)6.M«B') . 

(aKL.)(BK)ftflf/3A.)(AK)(&KL.)6/aB«) , 
,a,(BK)a^(aK/3)^aBa) , a.(BK)(aKL/3)(aK^)( rBa) , 

(aKL?){BIi)a8(aK/?)(flJBa) , (aKL»)(BlC)(aKL/3)CftK^;(*Ba) ; 

<^(BK)flfl(bKL/3)(6KA.)(AB)i a,(BK)(aKLa)(aBj!) , 

,(aKL*)(BK)(nKT»a)(aB.B) , n,(/3KO(nK6)/)„ (aK/3) j 

ar(/3Kr)(aKd)(bKIia)(aKfi) ; (aKLv)(^Kv)(aKb}bMC/3) , 
aJfiKc)a, , «.(^KT)(aKL^) , (aKB.,(^Kr)a, , 

(aKM(|3Ka)(aKL/3) i a,(flKv)(aKha)(aKft} , 

;a^(aKa')(flK6)6« , (t,(aK®)(aK&)(&ICLa) , 


(aKIir)(aKi)(aK5)tB , 
(aIOjfl')(aKp)(aIiB?)(.DB«) , 
a.(aICT:)ap(^Ai)(AB)(rBa) , 

a,(aKi')as(aK/3) , 
(aKL^-)(aKr)(aKLa) , 
(«KALj')(BIC)(AB) , 

(AK)(BK)(^A£c)affa^b,6ju‘ 


aj,(aKa})(aKBi}('Ba) •, 
a,(aKu)ap(j8A0(bKA!p)&(i j 
(BKBa■)(c^Ko ftp(/5A^)(AB){-Ba1i 
a^(aK®)(ftKLa) j 

(AICHBK)(«ALB») ; 

Oi 



IlUMiDUCIBLE INVARIANT VND OOVAlWVNrS SYSTBltl 
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TabiiB 


(AK)(BIC)r/3A0afl(aKL.ii)6,6a(*Ba) , 
(AK)(BK)(/3Aa!)afl(aKIiai)(&ICL.c)6*(i-J3a) , 
(AK)(BK)(/3A,)'aKy3)(a;B») , 

(AK)(/3ICt)(.KA6){aK6)nfl , 
{AK)(i3KD)(AB)(aKBe)(«ia)6„(«Kj9j , 

(AK)(i3Ko){AB)CaKB -laa j (AK)(^K'‘UAB)(Bai‘)(aKi3) , 

(AK)(/3Ki!)C/3A(o) . (eKAL«){^IC»)(M0 . 

(aK0(/3IC£cj6(,{aK6)afl , (aIC£c)(/3Ki')(j!Ba}(ABj(^Ai.) , 

(aK0(^1^0(-«Bo)(^ALBa^03A^) , (aIU)(^Kn)(aK/3) , 
(aK6)a,(6KA.«)(AK) , (oKt*)(aKBc)(a)Ba)&. , 

(aK6){aKB.)(^B)(AK)(aia)6, ; 

(aK&)6a(.i.Ba)(AB)(AK)rt, ; 

(aKI))fl06*(aK/3)(a3A/3)(AK) ; 

(aK6)(rfia/3)i„(aKja)(,cA/3){AK) ; 
CaKi))afl(iK].a)(aK^)(.A/3)(AK) , 

(aKBOa*(AB)(AK) j (aICB«)a.(^ALBt)(AK) ; 

(ttKI3io)(aKLj:)(AB)(AK) , (aKBa:)^^ . 

{aKBt.)(ffKli/3)(aK^)(.Ba), 

(aKBOftpW)(aKiv)(AB){AK) ; 

aaO,(;3A.r)(AIC) i tta(aKL®)(/3Aji)(AK) , 

(aKL/3)(aKLr)(/3Ae)(AK) , («KL^)tt»(i3Affl)(AK) , 
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Table D — {contmu&d), 

afl«,(a:KAL^)(AK) , (aKI.a){aKB*)(AB)(AK)(«Ka) , 

(.oBa)ae(AB)(AK)raK/3)a, , 

(a,Ba)(oKL/3)(AB)(AK)(aK/3,a, ; 


> (AB)(AKi(®Ba)(aKa:), 

I (AB)()3AO(aKi3;(a'Ba), 
(^Aa!)(AKH6KB;8)6. , 

, (aKBLa)i'aKBu)a, , 
(«ICBLa)(fljBa)(aKO , 
(aKBcl)a.^BK)CttL^) ) 

; (aKBa)(AB)(AK)a.(aICo) 

I 

. CaICBLa)(aBa)(<iKffl)i 

’ CaKBLa)(.KBLti)'aM , 

1 

, (aKBLa)(a,B i )(aKLa)aa, 


'xcALBO(AK)(oBa)(aKO , 
C;8Ai;)(AK)faK;Q)(aK..) , 

(al<,BL(i)(aKBu)(flKLE) , 
((iKBLa)(.i>Ba)6a(aK&)a. , 
(aKBa)fl,{ftKB,i)aflCaK^) i 
, (aKBa)(AB)'AKi(aK6)6„ , 


Bull. Oal Math. Soo , Vsh XXVII, Nos 3 & 4 (1935). 
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Some IlyrimsrAOia IIarmonio Analysis Puoulkmh intro- 
DuuiNG Extensions of Matiiieu’s Equations 

BY 

MAURIOB DB DuU'l'-AUliL 
{Stamboul) 

II la well known lliaL two pi-obloins oC liavmonio nimlyum nt oi'iUnavy 
tluoo'climouaional apaoo oau bo flolvotl by MaUuon’n InnotionH, naniolyj 
(a) liavmonio analyaia Cor an oithogoiial syaLom of olliptio (oi‘ hypoi’« 
bolio) oylmclGra, 

flj a cos^cofllii?, y — Bin^ainhv, a = s >•> (1) 
(6) hamonio analysis for a Hysloni of oonfooal pamboloulH, 

2j— X a 0 IN (2) 

I liavo shown* that a auuilai’ problem in fonr*ilnnonaional Hpaoo, lurvtlH 
to fclio equation of assooialod UalhimCs functions^ 

4 ^ +2n cos X 008 * 05 ) 2 / a 0, 

dx* £(« 

when tlie ohango of variables, analogous to (1), ia 

(u a ooB f cosh v 008 <Ai 2 / ~ 008 i oobU rj Bill fji, z a sin i Binli t), t s=i t 

introducing hyporoylinclors parallol to tho i*axia, llioir bawoH in tlia 
<(yz Bpaoo being ollipsoIclB (or hyporboloitlH) of rovolulion. I now 
propose to show tluit fiomo othor liypovapalial oliivngo of variabloa, 
analogous to (2), loads to tho Bttino equation and alao to ttUofchoL' 
extension of Mathiou’s equation. 

* Revu6 SoionUflquo do I'lDBtitut MiUag*]jodlor« K (1082), 01, 
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I. 

Lot us oonsidev the ohango o£ variables 

+ Vl±^ =• 0, ■ (3) 

1 X 

y = a cot . . (^) 

which can bo wiitton, 

a, = v'(/)— l){/t— l)Cv— l)i 
y = t Vpfiv ,oos <f>, 


z s= t ppv sin 


A+/1+V—1 

5 ’ 


denoting by p, p-, v tho throe roots of (3), oonaidovod as an or|uation 
ui X Tho hyporsiufacoa <^=2 constant aro hyporplanoS) and tho throo 
hypoi'SurfaeoB p, ft, i'= constant aro obtained by tho revolution, out of 
thoir space of the oonfocal paraboloids (2) 

The system being orthogonal, Laplaoe’s equation is found, by tho 
usnal method, to be 

ATT - -L 

^ ' PPvV(p-l)(fx-l)(v-l) 9'^*“ 


+ S 






/ — 1 9U 



th^ summation symbol meaning that tho unwritten terras aro to ho 
d^educed from the written one by circular permutation of tho lottois 

Lot us try to aolvo this equation by assuming 
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We then have 

- ^ (p-/.)(/x-v)(v-p)UMN 

+ 2/xv(/A-v)MN/)A/p— = 0 

or (^_^)(/A_v)((— pi 

4i 

=0. 

But 

— fp— / a)(/a— v)(t'--p) « v)+rp(i'-p)+p/t''/)— / a) = ’S.fivifJ. - v) 

Ilonoo 

Now and K being arbitrary constants, wo Imvo 

S hf)fi.v{n—v) = S v) — 0, 

BO that tlio equation can bo wiiUon as 

SH.-V) [ )+^+V+v] =0, 

and tho funotion R(p) must then satisfy tho equation 

F-ii(FFif H^+W)“ = °' 

or 

p’(p-i)^P+(V-rt4> +(^ +?</.+*(>’)» =0. ••• («) 

the equations for H and N being exactly aimilai’. 
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To roduoo (5) to a known typo, let us put 

ECp) = p^B(p), 

Wo obtain 

p(p-l) ^ +[(^+m)p-(wi+l)] ^ +[/i+Tm(m + l)+V]S = 0, 

and if wo make tho change of variable, p=sin*0, we find 

+C2m+1) cot 0 ^ — 4[7i+A+iwC7rt4-l) — R coi3“0]S = 0, 
<?0® dv 

tlio equation of MabluouN asgociatod fnnotioiiR, a solution of whioli can 
bo oxprosfiodin toms of tho fimofcion o •(<>), 


II. 


Oonsidov now fcho oliango of variables 

X = -/(p — l)(^l“l)(v— 1), 

1/ = iVpfiV, 

.. _ p + ^ + V-1 

0 g — . 

t = i, 

introducing hyperoylindere having the confooal paraboloids (2) as bases 
in tho ay 2 -Bpaoo 

Laplace’s equation is 

^ 3 au (p-fiK/i-r)(v"p) 

di* A^p/irlp— !)(/*— 


+ S 


Vpiv(^— J)(v— 1) 


a 

0P 




pvp 


au 

ap 


0 . 
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SO,} 

or by taking 

Blit 

and as 

3/i(/A~-l') = SKp(/*-l') = 0, 

WO oan wiilo 

S(,_„) f ) +/>+/..- =0 

Tho equation foi U is tboi*oforo 

Ko-I) -~T ^ 0- -i) f + )^ = ° 

I£ wo take p=oofl*d, wo obtain 

_i + f h+Ii cos’tf- ^ co'i*t^) E = 0, 

' cW’ ^ \ ^ 4 / 

wbioli, since 

oos*y=rt cos cos 2<?-t Cf 

cos*d=ft^ cos 20+1/, 

IS of tliG typo 

+ (a + /J cos 20 hy cos 

an oxtonsion of Mafcbiou’s oquation, bub a parfciculai- case oE Hill’s^ 
As far .s I know, it is tho first time tlmt such an equation, whiob 
occurs ni somo astronomical and physical piobleins. is fonnd in a 

* Analytical propertiea of tins equation havo been given by E L. Ince, Proc. 
Loud Math Soo , XXX I ( 1923 ). 

27 
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poloiitial qiiOBiion The mmo equation would occur* as it will appear 
immediately, wlien invostigating aolulious of tho wave equation 


9 'v , 8 *t ) 4. 1 

8 8 ?/® 0^ 8 «'®’ 


in tliioo-dnnnnsional apneo, in a region bounded by tho confooal para 
boloids a Holution being 

11 = 


*• Tina fncL was pomted out lo ino by Mr 13 T Oopson, 


Bull Oal Malh Son, Vol XXVII, Kos. 3 & 4. (1935). 
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On ReDUOIBLTS HxPEUEMjIPTIG lNTI?aHALS 

BY 

A, 0 (JiiounnoiiY 

{ Calciitla ) 

Tho pi’obloni of dofcorimning hypoi’olliptio intogiiils rocUioiblo to 

elliptic intagi'als by tlio ebango of vaviabloH .r = ^7^' ^ ^ bomg 

polynomials of clogi’oo ^ H was consuloiod by flonraal anil otliovs.* 
In tins papor, I bavo disouHsod a motbod of getting such integrals 
and using polynoniiala of higbor dogroo, I Imvo got now rodnoiblo 
hyporolhptio iiilograls I, II, HI, IV wlnoli Hoom to bo not roalisod 
bofoio 

(h(x) 

1 . Supposo 

wboiG Hu) = + «,<"* + .. +((«! 

^(ai) = 

a’ho disouminant A(y) of 0(a:)~y«/'(») = 0 is a polynomial of dogroo 
2(n— 1), yupposo that tho i-oots of A(l/)=0, n-i-’O J/d !/«>•»•» y*C'=5in'-~2) 

and </)(»)— tboso 

ciuanfcitioH Tbon tbo double roots «* O'l’o l-lio branob points 

when wo oonsidor u as a function of y. Wo oan oxpaud H‘)~'yiH') 

near i , and suico y,^ , whoro duBbos douoto tbo dilforontial 

y V * W 

cooffooiGiit witb I’ospeot to .r, 


** Bull do la Soo Mnth de Fr , t XIII. 
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\ c. oiiounnuiiv 


_ {,-uy 

- ^'(^.) I 12 

+('-jjyzi ( 0 -(, ,mu)-r{' .»'(> ,) ) 

ni ' / 





(t = l» 2,.. k) 


Talco tho pioclnct of all those ulontitios for i = l, 2, I Now a)( 
suo fclie 1 oots of product Jl(‘) oi 
‘»),x(a:i ■^«) • x('> ®*) !*• olimuiant of x(»’* 0=0 

'/>'(O'/'(O-'/''(O0( ) = 0. («ft)oi 

Similarlj the piocluct 

it. of(«f>);7'f(..)f(.,) f(x’,) 


can bo found Thoioforo tlie discrimnmnt 


My) = 


A (0V-#')*li (f) 


wlioio IS tliQ coolllciotit of highoBt powor of y in A{y) 'I'huH 


J^'AM ^ ! 


_ do 


and 


dv 


Ab/) 




(l> 




A(2/) can bo o\|>aiKlHil in powers of y in tho foim A J/* 

+ 4-A*i'vhevo A la tlio rtiscriininanl of i^{i) alouo, a' ib tiio dis- 
criminant of 0(a!) and 0,, , invariants of (/)(.r) ahd i/'(!u) 

intermediate liotween A and M If wo make Romo of those invfti'iants 
jseio, the conditions may be e\pi’esaod in terms of the roots Ohooso 
^(t) and such that the oooiricients A, . A^ are zero except any 
four oonsQcutiVQ invaiiants. Then 


_dy 

^A(2/) 





i 
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whoi’0 ..18 the polynomial wlio'sG I’oots ai'O those i, 

which ai’o (lotoimino^l by the vanishing ol the above iiivaiianta Hicn 
figaiti if wo make all of them /oio except tliioo consecutive quaiititios, 

A(i/) will bo a Pubic oxpiossiou giving ns two rsdnciblo hypoiolhptic 

intogials 


ami 


tly 


dy 


= v'il 


{A 


fjj) 4e 


'^yMy) 


v'U(c)i/'(i) 

vii: l 


wlioie i\l I IB what 


IJn 

At 


(«&)oT' 


bocoinos ill tins cnso and N{i) la a 


])olynoraial 

2 Wo shall now considei pai'tioulai’ involutions and take m the 
lli'fll luatnnco, tlio case of a cubic one 


lloi’o 


— ^(r) _ 4- 3« 1 1 * + Sfta » ' + 8 ■) 

"" \prp) + Shi> 






[ ( {2(u&)q} + (‘*&)o3} 


+ (a^)o j'‘ * 3 


+3(nt)i ,], 


A(y) = i/‘ A + ■^■A\ 

nhei‘0 A and A' aio diHOUimiiants of ^(®) and i/'(.c) and 0, fe) aia 
obtained from A and A' by operating with 




_9 

06, 


+a« 


06, 


or6n 


+ + 6 , ^ + 6 , 

8ao * 0ai 


da. 


IS obtained by eliminating y bofcweoi. 
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A. 0, onoUDnuiix 


fine] B , by oluniniifcinp; y between 

&ay*+26,^+6a = 0 

(«^^)oi2/*+2(a6)o.’/''+{(«6)o3 + 3(a6j»fi}y“+2(ai)i3y+(a/j),3 = 0 

When A==0, ’/'(-«) bfts a double I’oofc wluoh may bo taken to bo 
oitliOL' iiifuiity ov ssoi’o These aio the cases as given by Gouisal 

2 Next take 

^[\) t® •1'66 ^'b^ + 4tg f -btj 

In tins oasQ 

Aitj) = A3/° + 6®,y" + l50,i/*+2O®g^“ + 15©*^/+ A', 
wlioLO A »a the disciiminanb of ^ (f) = I® — 27J|, 

I = &J& , 

and A' = 1'*— 27J'*, 1', J' being similar quantitios for (/>(i) I£ 


a 


a 


9 


a 

a^i 



+ fl8 


a 

6^ 



a' =: 

'o|- 


+h. 



a tic 

, a«, 


dtij atij 

0, = 

aA = 


-isjaj), 

0» = 

a'A^ 

= 3(i'»aT- 


TliOiO are tliioe 

diifeieiit 

XI ays of putting 

and ip{x) 





{a) 


A = 

= 0, 

0, = 0, 

ib) 


A' = 

: 0. 

®g = 0, 

(0) 


A' = 

: 0, 

A = 0 


+ &J 


It iH evulenfc fiom fcbe above value of A) ®i, that one simplo way of 
making them ?!oio is to put 1=0, J=0 In this case the ([uartic \{>{ ) 
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ha's got a fci'iplo root which may be conveniently taken as zero on 
infinity Thus wo get two substitutions, 

_ Uq • 4«i>o‘+6aa'i'*+4ag f + rt* 

j _ 


and = 

Ono of those can ho obtained from the other by changing to into 
J and inteiohanging tho cooffioionts 

3 Wo sliall construct two hyperolliptio integrals in these oases 

Take « = 

R('r), ns obtained hv ohmmating z hotwoon 
z^ + 2x +3.1 ' « 0, 
and * —4ipz-^2pq = 0, 

IS found to ho 

R(r) = 8f/®(27.o'’— 40p« ® + 1427<jfi’* + 16p* c* — 8p*j.ii+3p7“) 


(X) 




Thus 


^ 

V27gSy*-16»p(.l-y)’ 


1 { .1*^11 
9 ,) ^rJT) 


In tho second caso if we take «=» , ^ , 

r+q 

(XI) 

^ L da 

_ 4* (p S ) “ — 89 1 ,* + 16?® + i'V (.* —40^35“ + 27p® 


Similar results avo obtained when make A'==0| taking 

1' = 0, J'=0 Tho hyperolliptio integrals in these cases ai e inoio lendily 
obtained by changing y of the oUiptio integrals in the preceding 

oases into — . 

y 
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In Uie oase when A=0, A'=0, both felio quaytics (/>(t') and >}/(}) 
have the doiihlo roots which mnsfc he difEoi'onfc from each other \Yo 
shall find it convoniont to take them zoro and infinity The substitu- 
tion in these cases mo 

— ftp *■* 

06j»*+46j«-hftj 


and 


_ 6<ta{B*+4aj 1 


3. Ne\t wo shall consider the cases whon A (y) can bo reduced 
to a cubic oxpiQssioii This can bo obtained by puttinf? tbroo conditions 
on qt)( I ) and ip ( » ) Thoi o aio four posaibilitios 


0) 

A =0, 

©,=.0. 

II 

o 

(u) 

A =0, 

®,=0. 

A'^0, 

ittt) 

A'=0, 

11 

o 

©,=0, 

(tv) 

A =0, 

©4-0, 

A'=0, 


From tho Qxprossioiis of A. ®» m terms o£ I, J, 9 1, 6 •!) wo can soo 
that one way of making A-0, 0,=O, ®9=0 is to put T=0, 
J=aO, 9J=0 Making 1=0, J=0, wo got, when the triple root is 
taken to be zero, 

_ flp t* 4-4a,a’°4‘Gga <>* +4a,iP + a^ 

In tins oaso 9J = — Wo cannot take ai,=0, tboroforo h^i=0, 

Honco y == "o -l-Crt, > ” +4^^ ‘ +(i* 

Similaily when tho triple loot is infinity, 

_ fin I * +4rt, * 

^4 

Tvluoh really amounts to y=a»‘-h46 u’ +6o i ® +4cZL-he, and lha first 
one can bo had by changing i- into i in this This substitution can 


easily be i educed to 


y = »**h2ae* +4&jr, 
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Dolboina ^ hti'? givon 61io hypoiolliptio inbogral recliioiblo by fchig bi'aiis- 
Eorinabion Similarly, i£ wo apply bho concltbioiH ®8 ®ir 

wo have ^(e) rodiiood oiblioi to ai‘ or lo 

In case ^'=:U, A=0, wo oan bake 

_ aoJ.*+4aia*+6aa't-* 

66,jd“ +4ia'(!+Zi^ 

ITonce l'=3«a, J'=-a3, 31' = +6fl,6., 

3'J' = «oa4&*+2rt,njh,— 6^a|— 

Thorefore 0g=:O gives 

l'“3I'-18JaJ' = 0 *0. 6.(3rt„fla-2rtJ) = 0 

Now wo oan not pub bi=0, honco — 2a; = 0, 

Thus flo^®+4l«^a:•^ 6aj should bo a poi foot sqnaio 

— gHD+g)” 

66,!»*+465»+6j 

Similarly if wo procood wibli 

_ 6aaii®+4a®j>+aj 

tho condition ©o=0 gives 3a,aj— 2ftS=:0, that is, CojU^+d-aa^+fl* 
should bo a poifoot square 

Wo shall roinain content by ooiisbmoting the hypoielliptio integral 
in ono of tlioao casoa Take 

^ a*+p»* 

lUliminating y between 

^3+2oy*+aj? = 0 

and ^'’+(3a4-2i)7/“+y(aar+fc*J + (ap+«-^“) “ 

fr Bull ties Sciences Math 8** XXV, 1901, pp. 

38 
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we get 


U(ni) = 1 

2i5+a 

2naj+iB* 

at* 


2af 

3a» * +4a* f 

n(2ftij* — 2p 


etas® 

a(2«.u*~^M— ap) 

— ap(2fl.T! + .i)“) 

R, = (ip (ap + "-|~ 

-¥) 



= 2 y»[ 6 p‘(p- 3 rt’)y'‘--Vl%®- 2 p(l + 15 p*)-- 2 'U»(l- 18 a®)}y» 
+ 2 ( 4 p'‘-M(iV’- 103 ft‘-p+' 132 a‘')|/- 6 .p*- 4 fiV'-f>a*)] 

= 2 y“Ai(y) 

wliQi’e Aj{y) donoto^i the oxpi*os8ion within the orotohofc'i 
Thoroforo 


(HI) 


.)VA,(y) 2 



2r(ai + a) iU 
VW{x) 


Similar rosxilts hold good for tho oaso whon A =0, =0, =:0 and 

wo shall not go inlo the details of tins case 

We shall oonolado this paper by considoi mg only one partioiilar 
oa^G of the involution of fifth oi*dor. Tako 


y =5 «* — Srtu 


Tho disoinminant in this case 18 y*- dt^n'*, and 

R(.i) = — 18 a 4 j'* 4 ' 113 a’p*-- 256 «'* 


Thus wo get 


(IV) 


j 


dy 

Vy* — 4*rt* 



d.G 


Dull Oal Math. Soo , Yol XXVII, Nos 3^4 (1935). 
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On Appell’s Function P(/?, </)) 

BV 

Mauuiok db Bupbadisl 
{Siambotd) 

1. AppolUa functions, 0) and li(0, ij}) aiodefinad 

by tho expansion* 

e1^+i‘<l‘=p^0, <^)+)Q(fl, t)+l’m 4‘), 

wlioro ?*=1, affording, both Tor tho third Older and tho field oi tT70 
vanablos, a very direct generalisation of the oironlar funotions, as 

=: cos d+i sin 9 

They can be written as follows . 

P(0, 

cue, + ,o'*«+'^), 

and thoy satisfy tho fundamental relation, 

p»+t3®+JJ*-3PQfe = 1 

1! 


Oomptes lionduB do I’Aoad doB Boionoea do Pans, 84 (1877), ^-lOr 
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I showed I'ocGnfcly that they aie of great holp in solving nnmoious 
problems coniieoted with the eqaation, 


AiV 


~ 9°^ ■ 9°t> , 8*t)_3 8" 

8ai*'^9^'‘ 82 “ Qxdydi 


0 , 


and allied equations * 

The obiGct of this shoit note is to state somo olomontaiy roniaihs 
on the function P{nO, n(f>} -whole n la an intogor, anil to malco moio 
conapiouous the analogy botwoon it and ooa nO 

2 Let US consider the expression 

where a is an arbitrai'y constant and try to oxpand it in asconding 
powers of a Wo have 

- ; _ s -t-W 


ss —5 3a"P(nd, n<fi)/n 
Now as l+^ + j®=0, wo can write 

E = log + 

= log [l-3«P(e, <l,)+8a*P(-fl, -0)-a»] 

So when we obtain tlio function P(«d, Wjt) through the gonorating 
function, 

-log [i~3aP(d. i^)+3a*P(~e, 
the co-eflloient of a" being 3P(n0, n^)fn 


»» Bulletin do Math Supdr, anndo, 38 («)32 83),Ifi8, 0/. Y. Devierao, Comptoa 
ftonduB. 193 (1901), ffSI 
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Tile iiotoworlliy analogy witli fcho circular luiiotions ausos fiom 
UiG fact tliafc the oo offioioufc of a" in tlio expansion of 

—log [1— 2o COB 0+a“] 

18 (2 cos nO)ln 

3 Tlio expansion just obtained, 

-log [l-3aP{e,.;.) + 3««P(-fl, -«-<••] = S3a- 

shows t-Iiafc P{n9, «</i) can bo expressed as a polynomial with rospoot to 

and P{~6, —4) 

We oljsoL've tliafc 

P{-0, -4) = 

BO tlicirt P(iiO, n0) 18 a polynomial with respect to P and QR, 3?or 
iiistanoo, 

Z-^(2^, 24 ) = P"+2(3B = 3P''(^, (A)-2P(-0, - 4 )^ 

P(30, 34) = l-pdPQU = QP>{0,4)--9Pi0,4)H~^i -0) + !. 

Oui' o xpressioii loads readily to the following general result J 


-i 2 — i pU(,+,p+,)/8 

f. ? n+2p+<jr 




n 


with p) The symbol ,0, stands for the mimher of 

combinations of ? objects s at a time Of course, i(n+2p+?) and 
-f- g- — p) must bo positive integers. 

4, Similar formula) oan, of course, be written for Q(nO, n4) and 
R(n0, 

Wo Tnay use the lelafciona, 

Qi~0, -4) = Q“--KT. 

n{-B, -4) = R^-PQ 
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If WO fcako <^=0, tho function P rodiioes to ono of tlio wnes of tho 
thvid oide), 

f,(0) = 

and wo obtain tho expansion, 

-Iog[l-3a/,Ctf)+3«V.(-<?)-a«] = :SSa"A(«0)/n, 

showing that f,{nO} can bo exprosaed as a polynomial with resnoot 
fco/iCf?) and A (•-(?) 

We may, porhapa, aiiggost tho following losoaiohos ^ 

(ft) To expiQss P(n6,nfl>) as a hyporgoonietiio fiinotioii of two 
vaiiabloa and of tlio tim'd oi'dei (one of the funotions uitiodiicod by 
Y Kampe do Foiiot) 

(&) To extend tho roault to sines of tlio 'Abh, etc,, order, with 
ono or two variables 

(o) To And a genoiating function for P{h9, A0) 
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Toxt'book o£ Spherical Trigonometry — -By P N"* T\rifctii| M , 
pp xxu +163 (1935) (Oalotttta Umveisity Pfcis). 

Tim book, which is mtoucled for tha use of Poat-CTraclnnjto wtudonls, 
covers a field which la well defined by tradition and has boon Iboi oug i y 
explored by many authors Little that la novel is thorofor-o oxpoa ot 

The author begins with a historical introduotion fcrftonig the 
development of the aubjoot from the time, when tha afcucly of Hoiontifio 
astronomy began The author goes to prove that hli3 Hubjootwas 
known to the Hindu Astronomers, long beforo this clafco, nnd tlin 
fundamental formulco are of Indian origin. On the whole, fcho history 
IS vory nistruotive and interesting too 

The first two ohapters of the book deal with fclio prolvnnnary 

definitions and pi opositions and in Ohapters HI and IV", aoino ot the 
fundamental propositions have been established Tho troatinont in 
thoBO obaptora are similar to those given by previous authoi'a 

In Ohapters y, VI, VII, some theorems conoeimng tlio propoitiOH 
of a splierioal triangle have been established In arbioloa 5, 10 and 
the following, the author nsas the term "sine of the triaiif?lo,*’ blit 
while giving the definition m aitiole 3, ho defines ifc as tl*o ‘‘norm of 
tho Bides of the spherical tuangle," only giving a referenco in the 
foot-note The author would do well if he would clefino as the 
“sine of the triangle” and place it m the body of tha book, instoad of 
giving it in the foot note 

Any text-book on Trigonometry must consist of n, largo number 
of examples worked and unworked The woiked out examploa in tlio 
book under review aio illustrative There is a good colloaLion of 
examples after each ohapter But it is odvisahlo that hooio oloinontary 
problems on Spherical Astronomy be intioduced, in oreXox' to illnsirato 
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the application of the subjGo6, whioli, in tho opinion of Llio Hoviowoi’, 
will make tho Hubjoot more intorsting 

Tho printing of tho hook specially on tho last part is dofaotivo' 
with a few miaprintB. Tho appearanoo of some of tho pages la 
spoiled by the uso of broken typos and also for want of syimnotry 
111 spacing 

O.S 



